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ABSTRACT
T h i s  i n v e s t i g a t i o n  c o n s i d e r s  t h e  b e h a v io r  o f  r e i n f o r c e d  c o n c r e t e  
s l a b s  from  i n i t i a l  t o  c o l l a p s e  l o a d .  A y i e l d  c r i t e r i o n  i s  d e v e lo p e d  
c o n s i d e r i n g  t h e  e q u a l i  t y  o f  n o rm al  r e s i s t i n g  moment w i th  no rm al a p p l i e d  
moment a t  t h e  y i e l d  l i n e  f o r  w hich  a l l  o r i e n t a t i o n s  o f  t h e  y i e l d  l i n e  
a r e  exam ined . I t  i s  shown t h a t  a lo n g  a  y i e l d  l i n e  a p p l i e d  an d  r e s i s t i n g  
v a l u e s  o f  t w i s t i n g  moments a r e  a l s o  e q u a l .  The y i e l d  c r i t e r i o n  i s  
e x p r e s s e d  i n  s im p le  form  a n a l y t i c a l l y  a s  w e l l  a s  g r a p h i c a l l y .
U t i l i s i n g  t h i s  y i e l d  c r i t e r i o n  c o m p le te  s o l u t i o n  o f  a r e i n f o r c e d  
c o n c r e t e  s l a b  i s  o b t a i n e d  b a s e d  on s m a l l  d e f l e c t i o n  b e n d in g  t h e o r y  o f  
o r t h o t r o p i c  p l a t e s .  F i n i t e  d i f f e r e n c e  m ethod i s  u sed  t o  a p p ro x im a te  
t h e  d i f f e r e n t i a l  e q u a t i o n s .  S o l u t i o n  i s  c a r r i e d  o u t  i n  i n c r e m e n t a l  
fo rm  s i n c e  t h e  g o v e rn in g  d i f f e r e n t i a l  e q u a t i o n s  i n  b o th  t h e  e l a s t i c  and  
t h e  p l a s t i c  r a n g e  a r e  l i n e a r .  F i r s t  t h e  e q u i l i b r i u m  e q u a t i o n s  a r e  
w r i t t e n  i n  te rm s  o f  m oments, t h e n  t h e  e l a s t i c  m o m e n t - d e f l e c t i o n  r e l a t io n s  
a r e  s u b s t i t u t e d  i n  t h e s e  arid t h e  f i r s t  s t a g e  e l a s t i c  s o l u t i o n  i s  c a r r i e d  
o u t .  The m o m e n t - d e f l e c t i o n  r e l a t i o n s  f o r  t h e  y i e l d e d  p o i n t s  a r e  t h e n  
m o d i f i e d  t o  t a k e  i n t o  a c c o u n t  t h e  y i e l d i n g  and  second  s t a g e  s o l u t i o n  
i s  s i m i l a r l y  o b t a i n e d .  The e n t i r e  p r o c e d u r e  o f  second  s t a g e  i s  c o n t in u e d  
t i l l  enough p o i n t s  i n  t h e  s l a b  a r e  y i e l d e d  t o  c o n v e r t  i t  i n t o  a  c o l l a p s e  
m echanism .
The m ethod e n a b le s  one t o  o b t a i n  t h e  c o m p le te  l o a d - d e f l e c t i o n  
c h a r a c t e r i s t i c  o f  t h e  s l a b  and  t h e  u l t i m a t e  l o a d  i s  found w i t h o u t  r e c o u r s e  
t o  t h e  bound th e o re m s .  The se q u en c e  o f  y i e l d i n g  o f  p o i n t s  and  th u s  t h e  
y i e l d  l i n e  p a t t e r n  i s  a l s o  t r a c e d .
An e x p e r im e n ta l  s tu d y  was p e rfo rm e d  on  32 r e i n f o r c e d  c o n c r e t e  s l a b s
i i i
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t e s t e d  up t o  f a i l u r e .  Tw enty  s i x  t e s t s  w ere  c a r r i e d  o u t  t o  v e r i f y  t h e  
y i e l d  c r i t e r i o n  and  t h e  r e m a in in g  s i x  t e s t s  w ere  p e rfo rm e d  t o  c o n f i r m  
t h e  e l a s t i c - p l ' a s t i c  s o l u t i o n .  The r e s u l t s  o b t a i n e d  from  t h e  t e s t s  a r e  
fo u n d  t o  be i n  s a t i s f a c t o r y  a g re e m e n t  w i th  t h e  t h e o r e t i c a l  s o l u t i o n .
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h n o n - d im e n s io n a l  g r i d  s p a c in g  when e q u a l  i n  x  a n d  y
d i r e c t i o n s
h , h n o n - d im e n s io n a l  g r i d  s p a c in g s  i n  x and  y d i r e c t i o n sx  y
m
x y
r e s p e c t i v e l y
H c o n s t a n t ,  d e f i n e d  and  u se d  i n  Eq. 4 .8 .
I  , I  moments o f  i n e r t i a  o f  c o n c r e t e  s l a b  a b o u t  t h e  n e u t r a lc x  cy a x i s  i n  s e c t i o n s  p e r p e n d i c u l a r  t o  t h e  x an d  y a x e s  
r e s p e c t i v e l y
I  , I  moments o f  i n e r t i a  o f  s t e e l  r e i n f o r c e m e n t  a b o u t  t h es x  sv n e u t r a l  a x i s  i n  s e c t i o n s  p e r p e n d i c u l a r  t o  t h e  x  a n d  y 
a x e s  r e s p e c t i v e l y .
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CHAPTER I  
I n t r o d u c t i o n
1 .1  D e s c r i p t i o n  o f  t h e  Prob lem
The m ethods  o f  p l a s t i c  a n a l y s i s  o f  s t r u c t u r e s  w hich a r e  q u i t e  w e l l  
e s t a b l i s h e d  a t  t h i s  t im e  depend upon t h e  two fu n d a m e n ta l  th e o r e m s ,  t h e  
u p p e r  and  low er bound th e o re m s .  T hese  e n a b le  t h e  r e s e r v e  s t r e n g t h  beyond 
t h e  e l a s t i c  l i m i t  lo ad  t o  be u t i l i s e d .  How ever, s i n c e  t h e  m ag n i tu d e  
o f  t h e  d e f l e c t i o n s  a r e  n o t  p r e d i c t e d ,  t h e s e  th eo re m s  p r e s e n t  a  s e r i o u s  
d raw back  p a r t i c u l a r l y  w here  a  d e fo r m a t io n  c r i t e r i o n  g o v e rn s .  F u r th e r m o r e ,  
t h e  e x a c t  l i m i t  lo a d  w i l l  n o t  be o b t a i n e d  u n l e s s  t h e  u p p e r  an d  low er  bounds 
c o i n c i d e .  F o r  t h e  s o l u t i o n  o f  a p l a t e  p ro b le m ,  t h e  u p p e r  bound m ethod 
( y i e l d  l i n e  t h e o r y )  r e q u i r e s  t h e  a s s u m p t io n  o f  a  y i e l d  p a t t e r n  t d i i l e  f o r  
t h e  low er bound s o l u t i o n  a n  a c c e p t a b l e  moment f i e l d  m ust be assum ed .
F o r  r e i n f o r c e d  c o n c r e t e  s l a b s  t h e  p ro b le m  i s  even  more d i f f i c u l t  
due t o  t h e  a b s e n c e  o f  a g e n e r a l l y  a c c e p t e d  y i e l d  c r i t e r i o n .  Such q u e s t i o n s  
a s  t h e  s t r e n g t h  o f  c o n c r e t e  u n d e r •b i a x i a l  b e n d in g  and  k i n k in g  o f  r e i n f o r c i n g  
s t e e l  a t  c r a c k s ,  which have  a r i s e n ,  have  weakened  th e  f a i t h  i n  t h e  J o h a n s e n ' s  
y i e l d  c r i t e r i o n  f o r  r e i n f o r c e d  c o n c r e t e  s l a b s .
I t  i s  e s t a b l i s h e d  t h a t  f o r  i n e l a s t i c  beams and  f ram es  t h e  o v e r a l l  
n o n - l i n e a r  r e s p o n s e  o f  t h e  s t r u c t u r e  may w e l l  be  r e p r e s e n t e d  by a  s e r i e s  
o f  i n c r e m e n t a l  l i n e a r  s o l u t i o n s ,  w hich  form t h e  b a s i s  o f  th e  p l a s t i c  
h in g e  m ethod . T h i s  m ethod h a s  been a p p l i e d  t o  t h e  r e i n f o r c e d  c o n c r e t e  
s l a b s  i n  t h i s  s tu d y  s i n c e  t h e  g o v e rn in g  e q u a t i o n s  i n  i n c r e m e n t a l  form  a r e  
l i n e a r  i n  b o th  t h e  e l a s t i c  and  p l a s t i c  r a n g e s .
1 .2  O b je c t  and Scope
The o v e r a l l  o b j e c t i v e  o f  t h i s  i n v e s t i g a t i o n  had  b e e n  t o  o b t a i n  a
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2b e t t e r  u n d e r s t a n d in g  i n t o  t h e  u l t i m a t e  s t r e n g t h  and  b e h a v io r  o f  r e i n f o r c e d  
c o n c r e t e  s l a b s  a t  a l l  s t a g e s  o f  l o a d in g .  W ith  t h i s  i n  mind th e  s p e c i f i c  
o b j e c t i v e s  a r e :
(1 )  To d e v e lo p  a s im p le  an d  r a t i o n a l  a p p ro a c h  t o  t h e  y i e l d  c r i t e r i o n  
a p p l i c a b l e  t o  b o th  i s o t r o p i c a l l y  a n d  n o n - i s o t r o p i c a l l y  r e i n f o r c e d  
s l a b s  u n d e r  any  g iv e n  c o m b in a t io n  o f  a p p l i e d  moments.
(2 )  To d e v e lo p  a  m ethod o f  c o m p le te  e l a s t i c - p l a s t i c  s o l u t i o n  o f  s l a b  
b e n d in g  p rob lem  w here  t h e  b e h a v io r  o f  t h e  s l a b  a t  a n y  s t a g e  o f  
l o a d i n g  from  i n i t i a l  t o  c o l l a p s e  c a n  be  p r e d i c t e d .
(3 )  To v e r i f y  e x p e r i m e n t a l l y  b o th  t h e  y i e l d  c r i t e r i o n  a n d  th e  c o m p le te  
e l a s t i c - p l a s t i c  s o l u t i o n .
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CHAPTER 2 
H i s t o r i c a l  Review
2 .1  I n t r o d u c t o r y  Remarks
T h i s  c h a p t e r  p r e s e n t s  t h e  b a c k g ro u n d  f o r  t h e  p r e s e n t  i n v e s t i g a t i o n .  
The d ev e lo p m en t  o f  u p p e r  bound ( y i e l d  l i n e  t h e o r y )  and  low er bound m ethods 
f o r  p l a s t i c  a n a l y s i s  o f  r e i n f o r c e d  c o n c r e t e  s lab s  i s  b r i e f l y  d e s c r i b e d ,  
and  t h e i r  l i m i t a t i o n s  p o i n t e d  o u t .  The a p p l i c a t i o n  o f  a n y  e l a s t i c - p l a s t i c  
s o l u t i o n  t o  s l a b  s t r u c t u r e  i s  d e p e n d e n t  on t h e  s t r e n g t h  an d  b e h a v io r  o f  
s l a b  e le m e n t s  u n d e r  a  g iv e n  l o a d in g  c o n d i t i o n .  T h i s  h a s  a l s o  been  th e  
b a s i s  o f  y i e l d  l i n e  t h e o r y  a n d  i s  te rm ed  a s  ' y i e l d  c r i t e r i o n ' .  Some o f  
th e  p ro b le m s  a s s o c i a t e d  w i t h  y i e l d  c r i t e r i o n  a r e  a l s o  d e s c r i b e d .
2 .2  Y i e ld  L in e  T h e o ry
The y i e l d  l i n e  t h e o r y  i s  a  t h e o r y  o f  p l a s t i c i t y  m o d i f i e d  to  a p p ly  
t o  r e i n f o r c e d  c o n c r e t e  s l a b s .  I t  c o n s i d e r s  t h e  p a t t e r n  o f  y i e l d  l i n e s  
w hich  a r e  d e v e lo p e d  a s  a  r e s u l t  o f  a p p l i e d  moment a t  c e r t a i n  s e c t i o n s  
a p p r o a c h in g  t h e  y i e l d  moment. T hese  y i e l d  l i n e s  a r e  t h e  l i n e  p l a s t i c  
h i n g e s  and  d i v i d e  t h e  s l a b  i n  p o r t i o n s  w h ich  r o t a t e  a b o u t  t h e  s u p p o r t s .  
T h i s  c o n v e r t s  t h e  s l a b  i n t o  a  m echanism  r e s u l t i n g  i n  i t s  c o l l a p s e .
I n g e r s l e v  ( l )  f o r m u la t e d  and  u s e d  t h i s  t h e o r y  i n  some a n a l y s e s  
o f  t h e  s t r e n g t h  o f  r e i n f o r c e d  c o n c r e t e  s l a b s  i n  1921. He i n t r o d u c e d  th e  
c o n c e p t  o f  y i e l d  l i n e s  w i t h  c o n s t a n t  b e n d in g  moment o v e r  t h e  e n t i r e  l e n g t h  
and  assum ed  t h a t  no t w i s t i n g  moments c a n  e x i s t  a lo n g  th e  y i e l d  l i n e s .
Thus h i s  m ethod c o u ld  n o t  be a p p l i e d  to  c o v e r  a l l  c a s e s  o f  s l a b s .  I n
Numbers i n  p a r a n t h e s i s  r e f e r  to  t h e  l i s t  o f  r e f e r e n c e s  g i v e n  a t  t h e  e nd .
3
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41943 J o h a n s e n  ( 2 ,3 )  a d v a n ce d  th e  more c o m p re h e n s iv e  t h e o r y  w h ich  i s  
a p p l i c a b l e  t o  e v e ry  c a s e .  I t  d i f f e r e d  from  I n g e r s l e v ' s  th e o r y  e s s e n t i a l l y  
i n  t h a t  t h e  t w i s t i n g  moments a l o n g  t h e  y i e l d  l i n e s  w ere  n o t  assum ed e q u a l  
t o  z e r o .  H is  m ost im p o r t a n t  c o n t r i b u t i o n  was t h e  i n t r o d u c t i o n  o f  work 
e q u a t i o n  f o r  d e t e r m i n a t i o n  o f  u p p e r  bound s o l u t i o n s ;  a c o n t r i b u t i o n  t h a t  
has  been o f  s i g n i f i c a n c e ,  i n  g e n e r a l ,  i n  t h e  p l a s t i c  th e o r y  o f  s t r u c t u r e s .  
J o h a n se n  i n t r o d u c e d  t h e  w e l l  known n o d a l  f o r c e s  w hich  a c t u a l l y  r e p r e s e n t  
t w i s t i n g  moments and  s h e a r s .  He was t h e n  a b l e  t o  d e v e lo p  th e  t h e o r y  on 
m a th e m a t ic a l  g ro u n d s .
I n  1953 H ognes tad  (4 )  sum m arised t h e  deve lopm en t o f  t h e  t h e o r y  
m a in ly  b a s e d  on J o h a n s e n ' s  work ( 2 ,  3) and  l a t e r  i n  1962 J o h a n s e n ' s  work 
was t r a n s l a t e d  i n  E n g l i s h  ( 5 ) .  An u p - t o - d a t e  deve lopm en t o f  t h e  t h e o r y  
i s  a v a i l a b l e  i n  a more r e c e n t  work o f  J o n e s  an d  Wood ( 6 ) .
2 .3  L i m i t a t i o n s  o f  Y ie ld  L in e  T h e o ry
The y i e l d  l i n e  t h e o r y  h a s  t h e  f o l l o w i n g  l i m i t a t i o n s :
(1) I t  g i v e s  an  u p p e r  bound s o l u t i o n  to  t h e  c o l l a p s e  lo ad  as t h e  assum ed 
y i e l d  p a t t e r n  i s  n o t  n e c e s s a r i l y  t h e  m ost c r i t i c a l  m echan ism .
(2 )  I t  g i v e s  no i n f o r m a t i o n  a b o u t  t h e  b e h a v io r  o f  t h e  s l a b  p r i o r  t o  
c o l l a p s e  i . e .  moment -  c u r v a t u r e  r e l a t i o n  c a n n o t  be o b t a i n e d .
(3 )  I t  d o e s  n o t  p r o v id e  s u f f i c i e n t  i n f o r m a t i o n  r e g a r d i n g  t h e  d i s t r i b u t i o n  
o f  b e n d in g  an d  t w i s t i n g  moments i n  th e  i n t e r i o r  o f  t h e  s l a b  away 
from  t h e  y i e l d  l i n e s  a n d  th u s  t h e  d i s t r i b u t i o n  o f  r e i n f o r c e m e n t  
becomes d i f f i c u l t .
(4 )  I t  i s  a n  u l t i m a t e  s t r e n g t h  t h e o r y  and  d oes  n o t  i n  i t s e l f  g u a r a n t e e  
s a t i s f a c t o r y  p e r fo rm a n c e  o f  t h e  s l a b  a t  w o rk in g  lo a d s .  I t  d o e s  n o t  
g iv e  a n y  i n f o r m a t i o n  a b o u t  t h e  d e f l e c t i o n s ,  which a r e  shown t o  be
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5c r i t i c a l  i n  some c a s e s ( 7 ) .
2 .4  Lower Bound S o l u t i o n s
S e v e r a l  e f f o r t s  have been made t o  f in d ,  t h e  low er bound s o l u t i o n s .  
C i r c u l a r  p l a t e s  o f  v a r i o u s  ty p e s  have  been  a n a ly s e d  e x t e n s i v e l y  f o r  t h e  
r i g i d - p l a s t i c  a n d  e l a s t i c  -  p l a s t i c  c a s e s .  Hodge (8 )  g i v e s  a  summary 
o f  t h e  l i m i t  a n a l y s i s  t h e o r y  p e r t a i n i n g  t o  t h e  r e c t a n g u l a r  s l a b s .  U s ing  
t r i a l  d i s t r i b u t i o n  o f  moments an d  d e f l e c t i o n s  and  u s in g  e q u i l i b r i u m  and  
e n e rg y  a p p ro a c h e s  r e s p e c t i v e l y ,  he  a r r i v e s  a t  low er and  u p p e r  bound 
s o l u t i o n s .
H i l l e r b o r g  ( 9 ,  10 , l l )  h a s  d e v e lo p e d  a  ' s t r i p  m ethod ' b a s e d  on 
e q u i l i b r i u m  t h e o r y .  He ch o o ses  two o f  t h e  t h r e e  unknowns i n  t h e  p l a t e
I
e q u i l i b r i u m  e q u a t i o n  a n d  l e t s  t h e  e q u i l i b r i u m  c o n d i t i o n  d e te r m in e  th e  
t h i r d  one . Thus he assum es  s i m p l i f i e d  moment f i e l d s  an d  g i v e s  a  s im p le  
m ethod t o  f i n d  th e  s o l u t i o n .  But i f  t h e  a s s u m p t io n  o f  moments i s  n o t  
r e a l i s t i c ,  t h e  low er b o u n d  v a lu e  o f  t h e  lo a d  o b ta in e d  by t h i s  m ethod may 
be s i g n i f i c a n t l y  below th e  c o r r e c t  v a l u e .  C raw ford  (12 )  h a s  p r e s e n t e d  a 
r e v ie w  o f  t h i s  m ethod a n d  h as  compared i t  w i th  t h e  u p p e r  bound y i e l d  l i n e  
t h e o r y .  More d e t a i l e d  a c c o u n t  o f  i t  i s  p r e s e n t e d  by Wood and  Armer ( 1 3 ,  14 ) .
N i e l s e n  (15 )  f o l l o w s  th e  P r a g e r ' s  t h e o r y  o f  p l a s t i c i t y  a n d  f i n d s  
b o th  upper  and  low er bound s o l u t i o n s  o f  some t y p i c a l  c a s e s .  Where t h e s e  
two s o l u t i o n s  c o i n c i d e ,  th e  r e s u l t  i s  e x a c t .  . I f  t h e  s o l u t i o n s  do n o t  
c o i n c i d e ,  th e  low er bound s o l u t i o n  w i l l  g iv e  some i n d i c a t i o n  a s  t o  how 
w e l l  i s  th e  y i e l d  l i n e  t h e o r y  s o l u t i o n  i n  t h a t  p a r t i c u l a r  c a s e .  Lower 
bound s o l u t i o n s  o f  c e r t a i n  s l a b  p rob lem s a r e  a l s o  g iv e n  by Wood (16) and  
Kemp (1 7 ) .
Even i f  t h e  u p p e r  and low er bound s o l u t i o n s  a r e  c l o s e  t o  each  o t h e r
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
6o r  a r e  c o i n c i d e n t ,  t h e s e  c a n n o t  be u se d  t o  d e te r m in e  t h e  b e h a v io r  o f  th e  
s l a b .  I n  o t h e r  w o rd s ,  t h e  p r o g r e s s i o n  o f  y i e l d i n g  a n d  t h e  c o r r e s p o n d in g  
d e f l e c t i o n s  o f  th e  s l a b  u n t i l  t h e  f o rm a t io n  o f  a  c o l l a p s e  m echanism a r e  
s t i l l  n o t  known. The know ledge  o f  th e  b e h a v io r  o f  t h e  s l a b  i s  im p o r t a n t  
from  t h e  d e s ig n  p o i n t  o f  v ie w  s i n c e  t h e  u n t im a t e  lo a d  d i v i d e d  by a n  a r b i ­
t r a r y  lo a d  f a c t o r  g i v e s  th e  w o rk in g  lo a d  an d  t h i s  w o rk in g  lo a d  m ust n o t  
f a l l  i n  p o s t  e l a s t i c  r a n g e  o t h e r w i s e  i t  w i l l  r e s u l t  i n  u n s a t i s f a c t o r y  
c r a c k s  a n d  d e f l e c t i o n s  o f  th e  s l a b .  Thus t h e  know ledge  o f  t h e  lo a d  d e f o r ­
m a t io n  c h a r a c t e r i s t i c  w i l l  g u id e  i n  a r r i v i n g  a t  a  s u i t a b l e  lo a d  f a c t o r .  
T h e r e f o r e  i t  seems d e s i r a b l e  t o  f i n d  a  m ethod w hich  w i l l  g i v e  b o th  th e  
s t r e n g t h  and  b e h a v io r  o f  a  s l a b  w i t h o u t  t h e  n e c e s s i t y  o f  a s su m in g  t h e  
y i e l d  p a t t e r n  o r  a s su m in g  t h e  d i s t r i b u t i o n  o f  m om ents.
2 .5  Y i e l d  C r i t e r i o n
I n  s p i t e  o f  i t s  l i m i t a t i o n s  a s  p o i n t e d  o u t  i n  s e c t i o n  2 .3 ,  y i e l d  
l i n e  t h e o r y  h a s  p ro v e d  t o  be v e r y  u s e f u l  f o r  f i n d i n g  t h e  u l t i m a t e  l o a d  
c a r r y i n g  c a p a c i t y  o f  s l a b s .  However, J o h a n s e n ' s  a s s u m p t io n  o f  th e  u n d e r ­
l y i n g  y i e l d  c r i t e r i o n  h a s  n o t  b een  f u l l y  c o n f i rm e d  by e x p e r i m e n t s .  I n  
t h e  r e s e a r c h  work c a r r i e d  o u t  on t h i s  c r i t e r i o n  q u e s t i o n s  h av e  a r i s e n  
c o n c e r n in g  t h e  s t r e n g t h  o f  a  s l a b  e le m e n t  when s t r e s s e d  i n  more t h a n  
one d i r e c t i o n ,  a  p ro b lem  a s s o c i a t e d  w i th  t h e  y i e l d  c r i t e r i o n  o f  p l a n e  
c o n c r e t e  u n d e r  b i a x i a l  s t r e s s e s  — a s  w e l l  a s  q u e s t i o n s  c o n c e r n in g  t h e  
r e o r i e n t a t i o n  o f  t h e  r e i n f o r c e m e n t  b a r s  a t  a y i e l d  l i n e .
A l th o u g h  t h e  c o n v e n t i o n a l  y i e l d  l i n e  t h e o r y  may be on  t h e  u n s a f e  • 
s i d e ,  e x p e r i m e n t a l  r e s u l t s  show g e n e r a l l y  a  h i g h e r  c a r r y i n g  c a p a c i t y  o f  
t h e  s l a b  t h a n  p r e d i c t e d  by t h e  t h e o r y .  T h i s  h a s  l e d  t o  t h e  e x a m in a t io n  
o f  membrane f o r c e s  a c t i o n .  I t  h a s  a l s o  been  p o i n t e d  o u t  t h a t  r e i n f o r c e m e n t  
i n c l i n e d  t o  t h e  y i e l d  l i n e  may be b e n t  a c r o s s  t h e  c r a c k  i n  t h e  c o n c r e t e
/
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7a n d  c o n s e q u e n t ly  i n c r e a s e  th e  y i e l d  moment. Wood (16) r e p o r t s  t h a t  i n  
t e s t s  c a r r i e d  o u t  a t  t h e  B u i l d in g  R e s e a rc h  S t a t i o n  i n  th e  U n i te d  Kingdom 
t h e  y i e l d  moment c a p a c i t y  f o r  s l a b s  w i t h  r e i n f o r c e m e n t  i n c l i n e d  a t  +45° 
w i t h  t h e  span  d i r e c t i o n  was up t o  16 4, h i g h e r  a s  compared t o  t h a t  o f  a 
s l a b  w i t h  r e i n f o r c e m e n t  p a r a l l e l  t o  t h e  s p a n  d i r e c t i o n .  N i e l s e n ' s  
e x p e r im e n t s  (24 )  w h ere  th e  r e i n f o r c i n g  b a r s  w ere  a l s o  i n c l i n e d  a t  45° to  
t h e  y i e l d  l i n e s  i n d i c a t e d  no s i g n i f i c a n t  e f f e c t  o f  t h e  k i n k in g  o f  r e i n f o r c ­
i n g  b a r s .
Baus and  T o l a c c i a  (18)  c l a im  t h a t  t h e r e  i s  a n  i n c r e a s e  i n  t h e  
y i e l d  moment when a  s l a b  e le m e n t  i s  s u b j e c t e d  t o  b i a x i a l  s t r e s s e s .  They 
n o t i c e d  t h i s  i n c r e a s e  i n  t e s t s  on i s o t r o p i c  s l a b s  w i th  p r i n c i p a l  moments 
n o t  i n  t h e  s t e e l  d i r e c t i o n s  an d  a t t r i b u t e d i t  t o  t h e  com bined  e f f e c t s  o f  
b i a x i a l  c o m p re s s io n  o f  c o n c r e t e  a n d  o f  k i n k i n g  o f  r e i n f o r c i n g  b a r s .  
K w ie c in s k i  (1 9 ,  20 , 21) a d p p te d  t h e  i d e a  t h a t  r e i n f o r c e m e n t  i n c l i n e d  to  
t h e  c r a c k  i s  p a r t l y  k in k e d  a c r o s s  i t  an d  a lo n g  w i t h  t h e  I n g e r s l e v ' s  assum p­
t i o n  o f  no t w i s t i n g  moments i n  t h e  y i e l d  l i n e s ,  he  d e v e lo p e d  a n  i n t e r m e d ­
i a t e  a p p ro a c h  w hich he c a l l s  ' P a r t i a l  K in k in g '  c r i t e r i o n .
Lenschow ( 2 2 ,  23) c a r r i e d  o u t  e x t e n s i v e  i n v e s t i g a t i o n  o f  t h e  y i e l d  
c r i t e r i o n  and  on t h e  b a s i s  o f  h i s  t h e o r e t i c a l  and  e x p e r i m e n t a l  r e s u l t s  
h e  h a s  shown t h a t  t h e r e  i s  no i n c r e a s e  i n  y i e l d  moment a s  a r e s u l t  o f  
b i a x i a l  s t r e s s e s  a n d  t h a t  th e  k i n k in g  o f  a  b a r  a c r o s s  a  y i e l d  l i n e  i s  so 
s m a l l  t h a t  i n c r e a s e  i n  moment c a p a c i t y  i s  n e g l i g i b l e .  M orley  ( 2 5 ,  26) on 
t h e  b a s i s  o f  h i s  e x p e r i m e n t a l  i n v e s t i g a t i o n  a t  t h e  U n i v e r s i t y  o f  Cam bridge 
h a s  a l s o  c o n c lu d e d  t h a t  f o r  p r a c t i c a l  am oun ts  o f  r e i n f o r c e m e n t  t h e r e  i s  
no  s i g n i f i c a n t  k i n k i n g  o f  s t e e l  a c r o s s  t h e  c r a c k s .
V a r io u s  o t h e r  p a p e r s  on t h i s  s u b j e c t  w i t h  new i d e a s  an d  c r i t i c a l  
r e m a rk s  a r e  a v a i l a b l e ,  b u t  t h e  y i e l d  l i n e  t h e o r y  i n  p r a c t i c a l  u s e  i s  th e
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2 .6  C o n c lu d in g  Remarks
The y i e l d  l i n e  t h e o r y  i s  g e n e r a l l y  b e l i e v e d  t o  be a p o w e r fu l  method 
f o r  th e  s o l u t i o n  o f  r e i n f o r c e d  c o n c r e t e  s l a b s ,  and  though  i t  may have  
i n f l u e n c e d  th e  b u i l d i n g  c o d e s  i n  v a r i o u s  c o u n t r i e s  i n  one way o r  th e  
o t h e r ,  i t  h a s  n o t  had th e  c o r r e s p o n d in g  p o p u l a r i t y  a s  a d e s ig n  m ethod 
i n  s p i t e  o t  i t s  s i m p l i c i t y .  One r e a s o n  f o r  t h i s  m ig h t  be t h a t  i t  rem a in e d  
v i r t u a l l y  unknown t o  th e  E n g l i s h  s p e a k in g  w o r ld  f o r  q u i t e  a  lo n g  t im e .  
F i r s t  d e t a i l e d  a c c o u n t  o f  t h e  t h e o r y  was p u b l i s h e d  i n  E n g l is h  i n  1953 (4) 
a n d  more c o m p reh en s iv e  w orks ( 5 ,  6 ,  16) have  b een  a v a i l a b l e  o n ly  i n  th e  
s i x t i e s .  However, one o f  t h e  m ain  r e a s o n s  seems to  be due to  t h e  i n h e r e n t  
l i m i t a t i o n s  o f  t h e  t h e o r y  a s  o u t l i n e d  i n  s e c t i o n  2 .3 .  No i n f o r m a t i o n  
a b o u t  t h e  d e f l e c t i o n s  o f  t h e  s l a b  a t  an y  s t a g e  can  be o b ta in e d  w hich  i s  
more s e r i o u s  w here  a  d e f o r m a t io n  c r i t e r i o n  g o v e r n s .  One such  c a s e  i s  
d i s c u s s e d  i n  r e f e r e n c e  ( 7 ) .  L ack  o f  i n f o r m a t i o n  r e q u i r e d  f o r  e f f i c i e n t  
d i s t r i b u t i o n  o f  r e i n f o r c e m e n t  i s  a l s o  a s e r i o u s  d raw back . A n o th e r  m a jo r  
c a u s e  seems t o  be t h e  a b s e n c e  o f  a g e n e r a l l y  a c c e p t e d  y i e l d  c r i t e r i o n ,  
on w hich  any  s o l u t i o n  o f  a  r e i n f o r c e d  c o n c r e t e  s l a b  prob lem  w l11 depend .
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 3 
The Y ie ld  C r i t e r i o n
3 .1  I n t r o d u c t i o n
The y i e l d  c r i t e r i o n  d e f i n e s  th e  b e h a v io r  o f  th e  s l a b  e le m e n t  u n d e r  
a  g iv e n  l o a d i n g  c o n d i t i o n .  On t h i s  i s  b a sed  th e  f o r m a t io n  o f  y i e l d  l i n e s .  
M a th e m a t ic a l ly  i t  w i l l  r e l a t e  t h e  r e s i s t i n g  and  a p p l i e d  moment com ponents  
a t  th e  f o rm a t io n  o f  y i e l d  l i n e .  I n  o r d e r  to  a p p l y  a n y  y i e l d  c r i t e r i o n  
c o r r e c t l y ,  i t  i s  n e c e s s a r y  t h a t  r e s i s t i n g  moment com ponents  o f  t h e  s l a b  
a lo n g  an  e x p e c te d  o r i e n t a t i o n  o f  y i e l d  l i n e  be e s t i m a t e d  w i t h  a  f a i r  
d e g re e  o f  a c c u r a c y .  I n  t h i s  c h a p t e r ,  t h e  p rob lem s c o n c e r n in g  th e  c a l c u ­
l a t i o n s  o f  t h e s e  com ponents  a r e  f i r s t  a n a ly s e d  an d  t h e n  a  more r a t i o n a l  
a p p ro a c h  t o  t h e  y i e l d  c r i t e r i o n  a p p l i c a b l e  f o r  b o th  i s o t r o p i c a l l y  an d  n o n -  
i s o t r o p i c a l l y  r e i n f o r c e d  s l a b s  i s  d e v e lo p e d .
3 . 2  R e s i s t i n g  Moments a t  a Y i e ld  L in e
For a  y i e l d  l i n e  w hich  c r o s s e s  th e  r e i n f o r c e m e n t  a t  a c e r t a i n  a n g le  
t h e  moment com ponents  a r e  c a l c u l a t e d  by t h e  ' s t e p p e d 1 c r i t e r i o n  p ro p o se d  
by Jo h a n se n  (5 )  and  l a t e r  d e v e lo p e d  and  e x p la i n e d  by J o n e s  a n d  Wood ( 6 ) .
C o n s id e r  a s l a b  e le m e n t  shown i n  F i g .  3 .1  w here  r e i n f o r c e m e n t  
i s  p r o v id e d  i n  two m u tu a l l y  p e r p e n d i c u l a r  d i r e c t i o n s .  F o r  e a c h  band o f  
r e i n f o r c e m e n t  t a k e n  on i t s  own t h e  y i e l d  l i n e  i s  c o n s id e r e d  to  be d i v id e d  
i n t o  s m a l l  s t e p s  p a r a l l e l  t o ,  and  a t  r i g h t  a n g l e s  t o ,  t h e  r e i n f o r c i n g  
b a r s ;  a n d ,  i n  a d d i t i o n ,  t h e  r e i n f o r c e m e n t  i s  a ssum ed  t o  r e m a in  i n  i t s  
o r i g i n a l  s t r a i g h t  l i n e  when t h e  a d j o i n i n g  p a r t s  o f  t h e  s l a b  r o t a t e .  F o r  
a y i e l d  l i n e ,  no rm al t o  w hich  makes a n  a n g le  6 w i t h  th e  x - a x i s ,  a s  shown 
i n  F i g .  3* 1 , t h e  r e s i s t i n g  moment com ponents  a r e  a s  f o l l o w s :
9
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  . _ _  s in ^ #pn px py
2 2 M =  M c o s  9  +  M  9
2 2M =  M s i n  9 +  M c o s  9 ( 3 . 1 )p t  px py
M = (M -  M ) s i n  9 cos 9 p n t  px py
w here  a n d  M a r e  t h e  r e s i s t i n g  moment com ponents  c o r r e s p o n d i n g  t o
t h e  s t e e l  p a r a l l e l  t o  x  an d  y d i r e c t i o n s  r e s p e c t i v e l y ,  a n d  M , M and
pn . p t
a r e  r e s p e c t i v e l y  t h e  n o r m a l ,  t a n g e n t i a l  and  t w i s t i n g  moments f o r  t h e  
y i e l d  l i n e  d i r e c t i o n .
T hese  e x p r e s s i o n s  i n d i c a t e  t h a t  moment com ponen ts  c a n  be d e te r m in e d  
f rom  M and  M by u s in g  M o h r 's  c i r c l e  f o r  m oments. W ith  i s o t r o p i c  r e i n ­
f o rc e m e n t  (M =  M = M ) ,  t h e  t w i s t i n g  moment M _ becomes z e r o  and  px py p °  p n t
M = M = M . pn p t  p
The s te p p e d  c r i t e r i o n  a s  d e s c r i b e d  above  i s  t h e  m ost  commonly u se d  
f o r  r e i n f o r c e d  c o n c r e t e  s l a b s ;  h o w e v e r ,  t h e r e  a r e  some p ro b le m s  a s s o c i a t e d  
w i t h  i t ,  on w hich  t h e  c o r r e c t n e s s  o f  e x p r e s s i o n s  3 .1  w i l l  d e p e n d .  T h e se  
a r e  d i s c u s s e d  be low .
( a ) Change o f  Moment Arm
The r e s i s t i n g  moment com ponents  a lo n g  a y i e l d  l i n e  a r e  a f f e c t e d  by 
t h e  change  o f  moment arm  w hich  t a k e s  p l a c e  i f  y i e l d  l i n e  i s  r o t a t e d  from  
d i r e c t i o n  x t o  y .  T h i s  e f f e c t  w i l l  n o t  be p r e s e n t  i f  t h e  r e s i s t i n g  moment
arm  i n  th e  s e c t i o n  p e r p e n d i c u l a r  t o  x - a x i s  i s  t h e  same a s  t h e  r e s i s t i n g
moment arm i n  t h e  section p e r p e n d i c u l a r  t o  y - a x i s .  T h e s e  two moment a rm s ,  
h o w e v e r ,  w i l l  n o t  be t h e  same b e c a u s e  o f  t h e  f o l l o w i n g :
( l )  The c e n t r e  o f  g r a v i t y  o f  th e  s t e e l - a r e a s  i n  two p e r p e n d i c u l a r  d i r e c ­
t i o n s  i s  a t  d i f f e r e n t  l e v e l s  s i n c e  one l a y e r  o f  s t e e l  m ust  be p l a c e d  
o v e r  th e  o t h e r .
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(2 )  U n le s s  th e  am ount o f  s t e e l  i n  two l a y e r s  i s  th e  same a n d  b o th  th e  
l a y e r s  a r e  y i e l d i n g ,  th e  e q u i l i b r i u m  o f  f o r c e s  on th e  s e c t i o n  d i c ­
t a t e s  t h a t  th e  c o m p re s s io n  f o r c e  i n  t h e  c o n c r e t e  i n  t h e  two d i r e c t i o n s  
i s  d i f f e r e n t ,  a n d  he n c e  t h e  p o i n t  o f  a p p l i c a t i o n  o f  t h e  two f o r c e s  
i s  a t  d i f f e r e n t  l e v e l s .
I f  we c o n s i d e r  a  s l a b  e le m e n t  r e i n f o r c e d  i n  two o r th o g o n a l  d i r e c ­
t i o n s  a t  t h e  bo t tom  o n ly  and  a s su m in g  t h a t  t h e  r e i n f o r c e m e n t  i n  b o th  ' 
l a y e r s  o f  s t e e l  i s  y i e l d i n g  a t  th e  i n s t a n t  o f  th e  f o r m a t io n  o f  y i e l d  
l i n e s ,  th e n  u s in g  H o g n e s t a d 's  c o n c r e t e  c o m p re s s iv e  s t r e s s  b lo c k  ( 2 7 ) ,
F i g .  3 . 2 ,  th e  r e s i s t i n g  moment p e r  u n i t  l e n g t h  f o r  a  s e c t i o n  p e r p e n d i c u l a r  
t o  x d i r e c t i o n  i s :
V  - As £y (d - 1 (3-2)
w here  a c c o r d in g  to  H o g n es tad  ( 2 7 ) ,  
k  1600 + 0 . 4 6  V  -  f 12/800002   c c  / „  _>
k , k -  “  3900 +  0 .3 5  f  '1 3  c
S i m i l a r l y  t h e  r e s i s t i n g  moment p e r  u n i t  l e n g t h  f o r  a  s e c t i o n  p e r p e n ­
d i c u l a r  to  y d i r e c t i o n  i s :
k j i  A f
M =  ji.A f  (d ,  ~ ;-VrrJ ) ( 3 .4 )py **1 s y 1 k - k  f  >
I t  may be n o te d  h e r e  t h a t  b o th  t h e  te rm s  o f  e x p r e s s i o n  3 . 2  a f f e c t i n g  t h e  
moment arm  o f  t h e  s e c t i o n  a r e  d i f f e r e n t  from  t h o s e  o f  e x p r e s s i o n  3 .4 .
F o r  com pu ting  r e s i s t i n g  moment p e r  u n i t  l e n g t h  f o r  a  s e c t i o n  
p e r p e n d i c u l a r  to  th e  n d i r e c t i o n ,  t h e  t o t a l  t e n s i l e  f o r c e  p e r  u n i t  l e n g t h
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
12
o f  s e c t i o n ,  Tn> w i l l  be made up o f  t h e  components  f rom b o th  l a y e r s  o f  
s t e e l .  Thus ,
'2 2
T =  A f  c o s  9 +  p.,A f  s i n  9 ( 3 . 5 )n  s y  1 s  y
a nd  f o r  e q u i l i b r i u m ,  f o r c e  i s  c o n c r e t e ,  C^, w i l l  be g i v e n  by
C =  T ( 3 . 6 )n n
The normal  moment w i l l  t h e n  be g i v e n  by
k C
M =  A f  c o s 29 ( d - 4 )  +  ]i.A f  s i n 2# (d,  -  %) + C ( ^  - . ) ( 3 . 7)pn  s y  2 1 s y  1 2  n 2  k ^ k ^ f^
Here  i t  i s  assumed  t h a t  y i e l d  c r i t e r i o n  f o r  p l a n e  c o n c r e t e  i s  o f  
s q u a r e  y i e l d  t y p e ,  t h a t  i s  c o m p r e s s i v e  s t r e s s  i n  one d i r e c t i o n  i s  i n d e ­
p e n d e n t  of  t h e  s t r e s s  i n  o t h e r  d i r e c t i o n .
The e r r o r  i n t r o d u c e d  by u s i n g  e x p r e s s i o n  3 . 1  f o r  i n s t e a d  o f  
t h e  e x a c t  e x p r e s s i o n  3 . 7  i s  shown i n  F i g .  3 .3  f o r  t h e  f o l l o w i n g  c a s e :
t  =  4 i n .  , d =  0 . 8 5 t ,  d^ =  0 . 7 5 t
f ^  = 3000 p s i , f  =  40 ,0 00  p s i
Ag =  1 .0  ^  o f  e f f e c t i v e  c o n c r e t e  a r e a
I t  i s  s e en  t h a t  e r r o r  i n  M i n c r e a s e s  w i t h  d e c r e a s e  i n  t h e  \a l u e  o f  .pn J.
F o r  =  1 . 0  t h e  e r r o r  i s  z e r o .  A l s o  t h e  e r r o r  i n c r e a s e s  w i t h  t h e
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i n c r e a s e  i n  t h e  r e i n f o r c e m e n t  r a t i o  f o r  unde r  r e i n f o r c e d  s e c t i o n s  a s  
shown i n  F i g .  3 . 4  f o r  t h e  same c a s e .  I n  a l l  c a s e s  t h e  e x a c t  v a l u e  o f  t h e  
no rmal  moment o b t a i n e d  from e x p r e s s i o n  3 . 7  i s  g r e a t e r  t h a n  t h a t  o b t a i n e d  
from t h e  f i r s t  o f  e x p r e s s i o n s  3 . 1 .  F o r  p r a c t i c a l  p e r c e n t a g e s  o f  r e i n f o r c e ­
ment  and lJ.^, t h e  maximum e r r o r  i n  M f o r  a n y  o r i e n t a t i o n  o f  y i e l d  l i n e  
i s  l e s s  t h a n  2
(b)  K ink ing  o f  R e i n f o r c e m e n t
E x p r e s s i o n s  3 . 1  a r e  b a s e d  on t h e  a s s u m p t i o n  t h a t  s t e e l  b a r s  
c a r r y  o n l y  u n i a x i a l  s t r e s s e s  i n  t h e i r  o r i g i n a l  d i r e c t i o n .  Wood (16) has  
s u g g e s t e d  t h a t  u n d e r  c e r t a i n  c i r c u m s t a n c e s  i t  i s  p o s s i b l e  t h a t  b a r s  a r e  
d ra g g e d  ou t  o f  t h e i r  o r i g i n a l  d i r e c t i o n  a nd  l o c a l l y  become p e r p e n d i c u l a r  
t o  t h e  d i r e c t i o n  o f  a n  o p e n in g  c r a c k  which  makes a n  a n g l e  w i t h  t h e  s t e e l  
b a r s  a s  shown i n  F i g .  3 . 5 .  I f  t h i s  i s  t r u e  t h e n  e x p r e s s i o n s  3 . 1  w i l l  
u n d e r e s t i m a t e  t h e  r e s i s t i n g  moments  a c r o s s  a  y i e l d  l i n e .  T h i s  phenomenon 
c a n  be e x p l a i n e d  by c o n s i d e r i n g  F i g .  3 . 6  (a )  where  t h e  r e i n f o r c i n g  b a r  
i s  shown i n c l i n e d  t o  t h e  l o c a l  d i r e c t i o n  o f  t h e  c r a c k  a n d  a s  t h e  c r a c k  
o p e n s ,  t h e  b a r  becomes p e r p e n d i c u l a r  t o  t h e  c r a c k .  The c r u s h i n g  o f  t h e  
c o n c r e t e  a t  t h e  edge s  o f  t h e  c r a c k  w o u ld ,  how e ve r ,  r e d u c e  t h e  e x t e n t  o f  
k i n k i n g .  I n  f i g .  3 . 6  (b)  t h i s  c a s e  i s  shown i n  more r e a l i s t i c  p r o p o r t i o n s ,  
which  i n d i c a t e s  t h a t  k i n k i n g  o f  r e i n f o r c e m e n t  may n o t  ha ve  a n y  s i g n i f i c a n t  
e f f e c t s .  I t  i s  e a s y  t o  show t h a t  w i t h  c o m p l e t e  k i n k i n g  o f  r e i n f o r c e m e n t ,
F i g .  3 . 5 ,  t h e  n o rm a l  moment f o r  t h e  y i e l d  l i n e  i s :
M = M c o s  9 + M s i n  9 ( 3 . 8 )pn px py
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F o r  a n  i s o t r o p i c a l l y  r e i n f o r c e d  s l a b  where  M = M =  M - t h e  v a r i a -
px py p ’
t i o n  o f  M w i t h  9 i s  shown i n  F i g .  3 . 7 .  F o r  a  c o m p l e t e  k i n k i n g  c a s e
t h e  maximum moment M o c c u r s  f o r  9 =  45° where  M =  1 . 4 1 4  M .pn pn p
K w i e c i n s k i  ( 1 9 ,  20) a d o p t e d  a n  i n t e r m e d i a t e  a p p r o a c h  an d  a d v a n c e d  
a  p a r t i a l  k i n k i n g  c r i t e r i o n .  He found  e x p e r i m e n t a l l y  t h e  v a l u e  o f  a  
c o e f f i c i e n t  which  he  c a l l s  jz, d e f i n e d  by e x p r e s s i o n  3 . 9 ,  to  be 1 .1 8 8 .
M [9 = 45°)
1 . 0  <  jz =    <  1 .4 1 4  ( 3 . 9 )
P
R e c e n t  i n v e s t i g a t i o n s  by Lenschow (23)  and  M or ley  (26 )  have  
a t t e m p t e d  t o  c o n c l u d e  t h a t  t h e r e  i s  no k i n k i n g  o f  s t e e l  b a r s  a c r o s s  t h e  
c r a c k s  a t  a n y  s t a g e  an d  t h e  r e i n f o r c e m e n t  can  be assum ed  t o  c a r r y  o n l y  
t h e  u n i a x i a l  s t r e s s  i n  i t s  o r i g i n a l  d i r e c t i o n .  The  a b s e n c e  o f  k i n k i n g  
i n  e x p l a i n e d  by M o r l e y  by c o n a d e r i n g  t h e  g e o m e t ry  o f  t h e  c r a c k  a s  f o l l o w s :  
As shown i n  F i g .  3 . 8  a  c r a c k  AB i s  a ssumed t o  r u n  g e n e r a l l y  i n  
t h e  d i r e c t i o n  t  w i t h  a  c r a c k  w i d t h  g.  I f ,  a s  a t  D ,  t h e  s i d e s  o f  t h e  
c r a c k  a r e  e v e ry w h e r e  p a r a l l e l  t o  t h e  t - a x i s ,  p o i n t s  D an d  D1 i n i t i a l l y  
c o i n c i d e n t  m us t  be s e p a r a t e d  by a  d i s t a n c e  5 i n  t h e  n d i r e c t i o n  a n d  i f  
l o c a l  c r u s h i n g  o f  c o n c r e t e  d o e s  n o t  o c c u r ,  a l l  s t e e l  b a r s  m us t  k i n k  t h r o u g h  
a n  a n g l e  9 .  I f ,  h o w e v e r ,  t h e  c r a c k s  a r e  n o t  q u i t e  s t r a i g h t  b u t  i n c l u d e  
z i g  -  zag  p o r t i o n s  a s  a t  C, w i t h  c r a c k s  r u n n i n g  f o r  a  s h o r t  d i s t a n c e  1 
a l o n g  t h e  s t e e l ,  t h e n  f o r  a d i s p l a c e m e n t  8 t h e  b a r  w i l l  be b e n t  t h r o u g h  
a n  a n g l e  t a n  ^ [ ( g / l )  s i n  0 ] .  I n  t h i s  c a s e  k i n k i n g  i n c r e a s e s  g r a d u a l l y  
a s  t h e  c r a c k  w id e n s  b u t  c a n  be e a s i l y  r e d u c e d  t o  a n  i n s i g n i f i c a n t  amount  
n o t  o n l y  due t o  l o c a l  c r u s h i n g  o f  c o n c r e t e ,  b u t  due  t o  t h e  f a c t  t h a t  
u s u a l l y  1 w i l l  be l a r g e  enough i n  c o m p a r i s o n  w i t h  8* F ° r  1 =  20 8 a n d
f o r  9 =  4 5 ° ,  k i n k i n g  =  2° .  Thus  f o r  8 =  0 . 0 5  i n . ,  t h e  c r a c k  n e e d
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o n l y  r u n  a l o n g  t h e  s t e e l  b a r  f o r  a b o u t  one i n c h  t o  r e d u c e  k i n k i n g  t o  a n  
i n s i g n i f i c a n t  v a l u e .
I n  t h e  p r e s e n t  i n v e s t i g a t i o n  se ven  e x p e r i m e n t s  were p l a n n e d  t o  
o b t a i n  d i r e c t  o b s e r v a t i o n  on t h e  q u e s t i o n  o f  k i n k i n g  and  a l l  t h e  r e m a i n i n g  
t e s t s  a l s o  p r o v i d e d  i n d i r e c t  o b s e r v a t i o n  a s  w i l l  be e x p l a i n e d  i n  s e c t i o n  
6 . 1 j  no e v i d e n c e  o f  k i n k i n g  was o b s e r v e d  i n  a n y  o f  t h e  t e s t s .
3 . 3  J o h a n s e n ' s  Y i e l d  C r i t e r i o n
T h i s - i s  a  p r i n c i p a l  s t r e s s  y i e l d  c r i t e r i o n  and  t h e  m os t  commonly 
u s e d  one f o r  r e i n f o r c e d  c o n c r e t e  s l a b s .  I f  e i t h e r  o r  b o t h  o f  t h e  p r i n c i p a l  
s t r e s s e s  r e a c h  t h e  y i e l d  s t r e s s ,  i t  i s  t h e n  assum ed  t h a t  t h e  m a t e r i a l  i s  
i n  t h e  p l a s t i c  s t a t e  a t  t h a t  p o i n t .  I n  t e r m s  o f  moments i t  s t a t e s  t h a t  
t h e  y i e l d  moment i n  one d i r e c t i o n  i s  i n d e p e n d e n t  o f  t h e  moment i n  t h e  
p e r p e n d i c u l a r  d i r e c t i o n .  The p l a s t i c  s t r a i n s  a r e  p e r p e n d i c u l a r  t o  t h e  
y i e l d  l o c u s  ( o r  y i e l d  l i n e s ) .  F o r  d i f f e r e n t  types  o f  r e i n f o r c i n g  schemes 
t h e  y i e l d  c r i t e r i o n  c a n  be e x p r e s s e d  a s  f o l l o w s :
(a )  I s o t r o p i c  R e i n f o r c e m e n t
The y i e l d  c r i t e r i o n  i s  shown g r a p h i c a l l y  i n  F i g .  3 . 9  ( a ) .  Because  
o f  i t s  sha pe  i t  i s  o f t e n  c a l l e d  t h e  ' s q u a r e '  y i e l d  c r i t e r i o n .  The 
r e s i s t i n g  moments a r e  e q u a l  i n  a l l  d i r e c t i o n s  and  no t w i s t i n g  moments a r e  
p r o d u c e d  a l o n g  t h e  y i e l d  l i n e s .  I f  t h e  s l a b  h a s  u n e q u a l  r e i n f o r c e m e n t  a t  
t o p  and bo t tom  b u t  each  l e v e l  s t i l l  c o n t a i n s  i s o t r o p i c  r e i n f o r c e m e n t  
t h e n  t h e  y i e l d  c r i t e r i o n  i s  a s  shown i n  F i g .  3 . 9  ( b ) .
( b) N o n - i s o t r o p i c  R e i n f o r c e m e n t
I n  c a s e  t h e  d i r e c t i o n s  o f  r e i n f o r c e m e n t s  and  t h e  p r i n c i p a l  moments 
c o i n c i d e ,  t h e  y i e l d  c r i t e r i o n  c a n  s t i l l  be  r e p r e s e n t e d  g r a p h i c a l l y  i n  two 
d i m e n s i o n s .
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P i g .  3 . 9 ( c )  shows t h e  c a s e  when t h e  r e i n f o r c e m e n t  i s  d i f f e r e n t  
i n  two d i r e c t i o n s  b u t  i s  i d e n t i c a l  a t  t h e  t o p  and  bo t tom.
A g e n e r a l  c a s e  i s  shown i n  F i g .  3 . 9  (d )  where  t h e  r e i n f o r c e m e n t
i s  d i f f e r e n t  i n  two d i r e c t i o n s  a n d  a l s o  i s  n o t  i d e n t i c a l  a t  t h e  t o p  and
b o t tom .  The r a t i o s  ji and  p.1 a l s o  need  n o t  be t h e  same.
I f  t h e  d i r e c t i o n s  o f  r e i n f o r c e m e n t s  and  a p p l i e d  p r i n c i p a l  moments 
a r e  n o t  c o i n c i d e n t ,  t w i s t i n g  moments  w i l l  be p r e s e n t  a nd  t h e  r e p r e s e n ­
t a t i o n s  o f  F i g .  3 . 9  do n o t  a p p l y .  T h i s  i s  t h e  m os t  g e n e r a l  c a s e  a nd  i s
d i s c u s s e d  i n  d e t a i l  i n  t h e  f o l l o w i n g  s e c t i o n .
3 . 4  F o r m a t io n  o f  Y i e l d  L i n e s  -  G e n e r a l  Case
C o n s i d e r  a r e i n f o r c e d  c o n c r e t e  s l a b  e l e m e n t  a s  shown i n  F i g .  3 .1 0  
i n  w h ich  t h e  r e i n f o r c e m e n t  i s  p l a c e d  i n  two o r t h o g o n a l  d i r e c t i o n s  x and  
y f o r  b o t h  p o s i t i v e  and  n e g a t i v e  b e n d i n g ,  and t h e  c o r r e s p o n d i n g  u n i t  
r e s i s t i n g  moments a r e  M ^  and  M f o r  p o s i t i v e  b e n d in g  a n d  M ^  a nd  
Mpy f o r  n e g a t i v e  be n d in g .  M^  a n d  M2 a r e  t h e  a p p l i e d  p r i n c i p a l  moments 
which depend upon t h e  l o a d i n g ,  b o u n d a ry  c o n d i t i o n s  and  p h y s i c a l  d i m e n s io n s
o f  t h e  s l a b .  I t  i s  assumed t h a t  t h e  M and M a r e  t h e  g o v e r n i n g  r e s i s t -px py
i n g  moments when t h e  e l e m e n t  i s  s u b j e c t e d  t o  a p p l i e d  moments M^ 'and  M2 , 
o r ,  i n  o t h e r  words  t h e  e l e m e n t  f a i l s  i n  p o s i t i v e  b e n d in g .  As s e e n  i n  
F i g .  3 . 1 0  moments and  M2 , make .an a n g l e  § w i t h  t h e  x - y sy s te m .  I f  
t h e  l o a d i n g  on t h e  s l a b  i s  g r a d u a l l y  i n c r e a s e d ,  M^  and  M2 i n c r e a s e  
p r o p o r t i o n a t e l y  and  a  s t a g e  w i l l  be r e a c h e d  when t h e  y i e l d  l i n e  f o r m s ;  i t  
i s  assumed t h a t  t h e  y i e l d  l i n e  i s  p a r a l l e l  t o  t h e  d i r e c t i o n  t ,  t h e  no rmal  
t o  wh ich  makes a n  a n g l e  f rom t h e  d i r e c t i o n  o f  M^.
F o r  t h e  n and  t  sy s tem  o f  a x e s ,  t h e  r e s i s t i n g  moment componen ts
a r e :
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M
M ( 3 . 1 0 )
M _ =  (M -  M ) s i n  (§  +  ty) c o s  (§  +  ty)p n t  px  py
a nd  t h e  components  o f  t h e  a p p l i e d  moments a r e :
Mfc =  s i n ^  "ty +  M2  c o s ^ ( 3 . 1 1 )
M =  (M^  -  M2 ) s i n  ^  c o s  ^
The v a r i a t i o n  o f  t h e s e  r e s i s t i n g  a n d  a p p l i e d  moment components  
f o r  v a r i o u s  i n c l i n a t i o n s  o f  y i e l d  l i n e  i s  shown i n  F i g .  3 . 1 1 .  Y i e l d  w i l l  
o c c u r  c o r r e s p o n d i n g  t o  p o i n t  A i n  F i g .  3 .1 1  ( a )  w here  t h e  no rm a l  a p p l i e d  
moment c u r v e  becomes t a n g e n t i a l  t o  no rm a l  r e s i s t i n g  moment c u r v e .  T h i s  
c o n d i t i o n  i s  o b t a i n e d  when t h e  f o l l o w i n g  r e q u i r e m e n t s  a r e  s a t i s f i e d .
Mpn n ( 3 . 1 2 )
a nd
( 3 . 1 3 )
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
18
A l s o ,  i n  a c c o r d a n c e  w i t h  t h e  p r i n c i p l e  o f  minimum r e s i s t a n c e ,  i t  i s
n e c e s s a r y  t o  s p e c i f y  t h a t  M i s  nowhere  g r e a t e r  t h a n  M : t h i s  means t h a tn °  pn
a p p l i e d  moment c u r v e  i n  F i g .  3 . 1 1  ( a )  s h o u ld  t o u c h  t h e  r e s i s t i n g  moment 
c u r v e  from be low a n d  n o t  f rom a b o v e .  When e x p r e s s e d  m a t h e m a t i c a l l y  t h i s  
c o n d i t i o n  r e q u i r e s :
S (M»  -  “ p n 1 =  0  <3 ' 1 4 >
p r o v i d e d  t h a t
*2
(M -  M ) < 0  ( 3 . 1 5 )dY n  pn
C o n d i t i o n  3 . 1 4  i s  i d e n t i c a l  t o  3 . 1 3 ;  a n d  t h e  p r o o f  o f  c o n d i t i o n  3 . 1 5  i s  
g i v e n  i n  A ppe nd ix  TA ’ .
We now p r o c e e d  w i t h  e x p r e s s i o n s  3 . 1 2  a nd  3 .1 3  t o  e x p r e s s  t h e  y i e l d  
c r i t e r i o n .  U s ing  e x p r e s s i o n s  3 . 1 0  a n d  3 .1 1  i n  3 . 1 2  y i e l d s
M.. c o s ^  s i n ^  = M c o s ^  ( §  +  ty) + M s i n ^  ( $  +  ty)i  1 2 px py
( 3 . 1 6 )
S i m i l a r l y  3 . 1 3  y i e l d s
(M -  M J  s i n  c o s  t  = (M -  M ) s i n  U  +  ty) cos  ( $ + 'if) ( 3 . 1 7 )
E x p r e s s i o n  3 . 1 7  s i g n i f i e s  t h a t  a l o n g  a  y i e l d  l i n e ,  wh ich  i s  t h e  l i n e  o f  
l e a s t  r e s i s t a n c e ,  t h e  r e s i s t i n g  t w i s t i n g  a nd  a p p l i e d  t w i s t i n g  moments
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
19
a r e  a l s o  e q u a l .  T h i s  i s  a l s o  e v i d e n t  f rom F i g .  3 .1 1  ( c ) .
Thus e x p r e s s i o n s  3 .1 6  and  3 .1 7  d e s c r i b e  t h e  y i e l d  c r i t e r i o n  
c o m p l e t e l y  i n  a g e n e r a l  c a s e .  T h i s  i s  e s s e n t i a l l y  a  no rmal  bend in g  
moment c r i t e r i o n  w here  a t  any p o i n t  a l l  o r i e n t a t i o n s  o f  y i e l d  l i n e  
a r e  examined a nd  n o t  o n l y  t h e  p r i n c i p a l  moment d i r e c t i o n  ( 2 8 ) .  The 
y i e l d  l i n e  w i l l  form a t  a  l o c a t i o n  where  t h e  e x t e r n a l  a p p l i e d  normal  
moment w i l l  become e q u a l  t o  t h e  r e s i s t i n g  normal  moment o f  t h e  s l a b  
r e g a r d l e s s  o f  t h e  a b s o l u t e  v a l u e s  o f  t h e s e  moments .
I n t r o d u c i n g
M
(i = - &K Mpx
M,
co =  —~  ( 3 .1 8 )
M1
M1
a n d  P =  M~
Px
e x p r e s s i o n  3 .1 6  c a n  be s i m p l i f i e d  a s :
J3 c o s  ^  +  <o p s i n ^  =  c o s ( $ +  ty) +  M s i n  ^ ( $ +  ty)
or (1 + coszty) +  ^ |“ ( l-cos2ty) =  \ [1 +  cos 2( $ + ty) 3 + ^  [1 -cos  ]
o r  p(H-w) + p ( l - a j ) c o s 2 k  =  (l+p.) +  ( l - f i )  c o s 2 ( $  + ty) ( 3 . 1 9 )
S i m i l a r l y  u s i n g  e x p r e s s i o n s  3 . 1 8 ,  e x p r e s s i o n  3 .1 7  can  be s i m p l i f i e d  a s :
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0 ( l  -  to) s i n  cos  = ( l -  pi) s i n  ( $  + ty) cos  ( § +
or p (1 -  to) s i n  2 =  ( l  -  pi) s i n  2 ( $ +  ty) (3.  20)
cos  2&fM u l t i p l y i n g  e x p r e s s i o n  3. 20 by g ^ " '^  an<* s u b t r a c t i n g  i t  f rom  e x p r e s s i o n  
3 .1 9  y i e l d s
p ( l  +  to) =  (1 +  Ji) +  (1 -  Ji) [ co s  2 (§  +  ty) -  s i n 2 (  $ +  ty)
cos 2
s in 2 U
o r  p ( l  +  to) =  ( l - f - f x )  -  (1 -  jo.) . s i n 2 $sin2ty ( 3 . 2 1 )
From e x p r e s s i o n  3 .20
p ( l  -  to) sin2\j/' =  {1 -  jj.) ( s i n 2 $  c o s  2ty +  c o s 2 §  sin2ty)
R e w r i t i n g ,
s i n ^  [ p ( l  -  to) — (1 — fx) c o s 2 $ ]  =  (1 — jll) s i n 2 §  cos2ty
«.i. (1 -  U-) s i n 2 $
o r  t a n 2 ^  “  p(i-co) -pi) c o s 2 §
( 3 . 2 2 )
and
sin
( l  -  u )  s i n 2 $
[ ( 1  -  | i ) 2 +  p 2( l  -  w ) 2 -  20(1 -  pi) (1 -  to) c o s 2 $ ] 1/ 2
( 3 . 2 3 )
U s in g  e x p r e s s i o n  3 .23  i n  3 .2 1  y i e l d s
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p( 1 + w) =  ( l  + ji) - [(1 - j i ) 2 + p2( l  - <o)2 - 2p( 1 - ji) (1 - co) c o s2 $ ]^ /2
S q u a r i n g  b o t h  s i d e s  and  r e a r r a n g i n g ,
p2(l-f-co)2 + (l+p.) - 2p( 1-Ku) ( 1+Ji) = ( l -p . )2 + p 2( 1 -co) 2 - 2p( l-( i) ( l-(o)cos 2§
2 2 2 2 2 o r  tap -  p [ ( s i n  $ +  j j c o s  $) +  co( c o s  $ +  j i s i n  § ) ]  + p. =  0 ( 3 . 2 4 )
2 2 I n t r o d u c i n g  P =  s i n  § +  ji.cos §
2 2 a n d  Q =  c o s  $ +  j a s in  § ,
y i e l d s  t h e  f o l l o w i n g  r o o t s  f o r  e q u a t i o n  3 . 2 4 :
( 3 . 2 5 )
(P +  ax?) ±J{P + OJQ)2 -  4mo , .
Pl  =  ( 3 * 26)
I t  h a s  been  shown i n  A p p e n d ix  TB1 t h a t  t h e  p o r t i o n  u n d e r  t h e  
s q u a r e  r o o t  s i g n  i n  e x p r e s s i o n  3 .2 6  i s  g r e a t e r  t h a n  o r  e q u a l  t o  z e r o ;  
i n  o t h e r  w o r d s ,  b o t h  t h e s e  v a l u e s  o f  p a r e  r e a l .  The s m a l l e r  v a l u e  P£ 
c o r r e s p o n d s  t o  t h e  y i e l d  r e p r e s e n t e d  by t h e  p o i n t  A i n  F i g .  3 . 1 1  ( a )  
w h i l e  t h e  v a l u e  p^ c o r r e s p o n d s  t o  t h e  y i e l d  i n  a p e r p e n d i c u l a r  d i r e c t i o n .  
When 0) =  y. = 1 . 0 ,  t h e n  f o r  a n y  v a l u e  o f  $ ,  p^ =  p^ a n d  t h i s  
c o n d i t i o n  i s  s i m i l a r  t o  t h a t  a t  t h e  c e n t r e  o f  a  s q u a r e  i s o t r o p i c a l l y  
r e i n f o r c e d  s l a b  s u b j e c t e d  t o  u n i f o r m  lo a d .  Thus t h e  r e q u i r e d  s o l u t i o n  
o f  e q u a t i o n  3 . 2 4  i s  t a k e n  a s :
(P  +  coQ) -  J(P +  ojO ) 2 -  4ucu
P =  25"   (3*27)
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H aving  found  (3, t h e  v a l u e  o f  can  be o b t a i n e d  from e x p r e s s i o n  3 . 2 2 .
3 .5  P a r t i c u l a r  Cases
( a )  I s o t r o p i c a 1 ly  R e i n f o r c e d  S l a b
The e x p r e s s i o n s  f o r  such  a  s l a b  can  be s i m p l i f i e d  by s u b s t i t u t i n g
ji =  1 . 0  i n  e x p r e s s i o n s  3 . 2 2  and 3 . 2 7 ,  wh ich  y i e l d s
p “  1 . 0  ( 3 . 2 8 )
a nd
t  =  0°  (3 .29)
T h i s  i n d i c a t e s  t h a t  t h e  y i e l d  l i n e  w i l l  fo rm p e r p e n d i c u l a r  t o  t h e  p r i n c i p a l  
moment d i r e c t i o n  and  a t  y i e l d i n g  t h e  m a g n i t u d e  o f  w i l l  be e q u a l  t o  
( a l s o  e q u a l  t o  M s i n c e  ji =  1 . 0 ) .  An i s o t r o p i c a l l y  r e i n f o r c e d
s l a b  h a s  t h e  same r e s i s t i n g  c a p a c i t y  a t  a n y  o r i e n t a t i o n  o f  t h e  y i e l d
l i n e  a n d  so t h e  above  r e s u l t s  a r e  a s  e x p e c t e d .
(b)  N o n - i s o t r o p i c  S l a b  S u b j e c t e d  t o  U n i a x i a l  Moments
S i m p l i f i e d  e x p r e s s i o n s  f o r  t h i s  c a s e  c a n  be o b t a i n e d  by t h e  s u b s t i ­
t u t i o n  o f  to = 0 i n  t h e  e x p r e s s i o n s  3 . 2 2  a n d  3 .2 7  t o  y i e l d
P = ----- 2------ ^---------2-----  (3 .30)
s i n  $ +  ji  cos  $
and
t a n 2^ =  i L j L M ) BjLn^ , 
p - - ( l - j i )  cos2$
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( c ) A p p l i e d  P r i n c i p a l  Moments C o i n c i d i n g  w i t h  t h e  D i r e c t i o n s  o f  
R e i n f o r c e m e n t s
I n  t h i s  c a s e  $ = 0 ;  t h e  s u b s t i t u t i o n  o f  t h i s  v a l u e  o f  § i n
e x p r e s s i o n s  3 .2 5  and 3 .2 7  g i v e s
_  ( u  +  to) -  ' / (u  +  cj)2 -  4u(0 
p “  . 2co
( u  +  0)) -  / ( u  -  w ) 2 , ,
o r  p =  20) l3#32)
; and  from e x p r e s s i o n  3 . 2 2 ,  one o b t a i n s  
t a n  =  0
o r  =  0 °  o r  90° ( 3 . 3 3 )
From e x p r e s s i o n s  3 . 3 2  and  3 .3 3  t h e  f o l l o w i n g  t h r e e  c a s e s  w i l l  a r i s e  
d e p e n d in g  upon t h e  r e l a t i v e  v a l u e s  o f  Ji a nd  co.
( i )  I f  ji > (o; p =  1 .0  and  =  0 ° ,  i n  t h i s  c a s e  t h e  y i e l d  l i n e  w i l l  
fo rm  p a r a l l e l  t o  t h e  y - a x i s .
( i i )  I f  ji <  (0 ; p =  ^  and =  9 0 ° ,  i n  t h i s  c a s e  t h e  y i e l d  l i n e  w i l l
fo rm  p a r a l l e l  t o  t h e  x - a x i s .
(iii) I f  ji =  co; t h e  a p p l i e d  moments w i l l  be e q u a l  t o  t h e  r e s i s t i n g  
moments i n  a l l  d i r e c t i o n s  a t  t h e  same t i m e .  T h i s  w i l l  r e s u l t  i n  a 
number o f  y i e l d  l i n e s  i n  a l l  d i r e c t i o n s .  T h i s  moment s t a t e  c o r r e s p o n d s  
t o  t h e  p o i n t  'A 1 o f  J o h a n s e n ' s  y i e l d  c r i t e r i o n  ( F i g .  3 . 9 ) .
The f o l l o w i n g  two examples  w i l l  now i l l u s t r a t e  t h e  u s e  o f  t h e  
y i e l d  c r i t e r i o n .
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Example ( l )  A n o n - i s o t r o p i c a l l y  r e i n f o r c e d  s l a b  s u b j e c t e d  t o  u n i a x i a l  
moment a s  shown i n  F i g .  3 . 1 2 .
Assume $ =  30° a nd  p = 0 . 5 .
From e x p r e s s i o n s  3 .3 0  a nd  3 . 3 1 ,  one o b t a i n s  
(3 =  0 . 8 0  , and
=  1 9 . 1 °
Thus t h e  s l a b  w i l l  f a i l  when t h e  v a l u e  o f  u n i a x i a l  a p p l i e d  moment w i l l
r e a c h  0 . 8 0  t i m e s  M a n d  t h e  y i e l d  l i n e  w i l l  fo rm a t  1 9 . 1 °  w i t h  t h epx
c e n t r e  l i n e  o f  t h e  s l a b  a s  shown i n  F i g .  3 . 1 2 .  I f  t h e  y i e l d  l i n e  was 
assum ed  t o  be  p e r p e n d i c u l a r  t o  t h e  p r i n c i p a l  moment d i r e c t i o n ,  t h e  . 
r e s i s t i n g  c a p a c i t y  would have been  0 . 8 7 5  -  -  -  a n  o v e r e s t i m a t e  o f
a b o u t
Example ( 2 ) . A n o n - i s o t r o p i c a l l y  r e i n f o r c e d  s l a b  s u b j e c t e d  t o  b i a x i a l  
b e n d i n g  moments a s  shown i n  F i g .  3 . 1 3 .
Assume $ = 4 5 ° ,  Ji =  0 . 8 ,  and  to =  0 . 5
S u b s t i t u t i o n  o f  t h e s e  v a l u e s - i n  e x p r e s s i o n s  3 . 2 5 ,  3 . 2 7  a n d  3 . 2 2  y i e l d s
p  =  Q =  0 . 9 0
{3 =  0 . 8 7 5  , a n d
= 1 2 . 3C
T h i s  i n d i c a t e s  t h a t  y i e l d  w i l l  o c c u r  when M, r e a c h e s  a  v a l u e  o f  0 . 8 7 5  M1 px
and  t h e  no rm a l  t o  t h e  y i e l d  l i n e  w i l l  make an  a n g l e  o f  1 2 . 3 °  w i t h  t h e  
a x i s  o f  a s  shown i n  F i g .  3 . 1 3 .
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3 . 6  D i s c u s s i o n
E x p r e s s i o n s  3 . 2 2  and  3 . 2 7  c o m p l e t e l y  d e f i n e  t h e  y i e l d  c r i t e r i o n  a t
a n y  p o i n t  o f  a n  i s o t r o p i c a l l y  o r  n o n - i s o t r o p i c a l l y  r e i n f o r c e d  s l a b .
U s u a l l y  t h e  v a l u e s  o f  M and  M a r e  known f rom t h e  t h i c k n e s s  o f  t h epx  py
s l a b  an d  t h e  amount  o f  r e i n f o r c e m e n t  p r o v i d e d  i n  t h e  two d i r e c t i o n s .
|  a n d  £0 w h ic h  depend  upon t h e  a p p l i e d  moments  a r e  known f rom t h e  g e o m e t ry  
a n d  p h y s i c a l  d i m e n s i o n s  o f  s l a b ,  b o u n d a ry  c o n d i t i o n s  an d  t h e  t y p e  o f  
a p p l i e d  l o a d i n g ;  t h u s  p can  be o b t a i n e d  from e x p r e s s i o n  3 . 2 7 .  T h i s  
i m p l i e s  t h a t  a t  i n c r e a s i n g  l o a d s ,  y i e l d  w i l l  o c c u r  when t h e  v a l u e  o f  
moment a t  t h e  p o i n t  i n  q u e s t i o n  w i l l  r e a c h  a  v a l u e  e q u a l  t o  p x  M •
The d i r e c t i o n  o f  t h e  y i e l d  l i n e  w i l l  t h e n  be o b t a i n e d  from e x p r e s s i o n  
3 . 2 2 .
F i g u r e s  3 . 1 4  t o  3 . 1 6  r e p r e s e n t  t h e  y i e l d  c o n d i t i o n s  g r a p h i c a l l y  
o f  a n  i s o t r o p i c a l l y  r e i n f o r c e d  s l a b  s u b j e c t e d  t o  d i f f e r e n t  c o m b i n a t i o n s  
o f  a p p l i e d  moments .  Such a s lab ha s  t h e  same r e s i s t i n g  c a p a c i t y  a t  an y  
o r i e n t a t i o n ,  s o  t h e  y i e l d  l i n e  i s  a lw a y s  p e r p e n d i c u l a r  t o  t h e  a p p l i e d  
p r i n c i p a l  moment i r r e s p e c t i v e  o f  t h e  v a l u e  o f  $.
F i g u r e  3 . 1 7  shows a  n o n - i s o t r o p i c a l l y  r e i n f o r c e d  s l a b  s u b j e c t e d  
t o  u n i a x i a l  moments .  I n  t h i s  c a s e  t h e  y i e l d  l i n e  i s  n o t  p e r p e n d i c u l a r  
t o  t h e  d i r e c t i o n  o f  a s  was e x p l a i n e d  i n  Example ( l )  o f  t h e  l a s t  s e c t i o n .  
Here  t h e  y i e l d  o c c u r s  c o r r e s p o n d i n g  t o  t h e  a n g l e  ($  +  ty) where  t h e  a p p l i e d  
a n d  r e s i s t i n g  moment c u r v e s  become t a n g e n t i a l .
The s l a b  r e p r e s e n t e d  i n  F i g .  3 . 1 8  i s  n o n - i s o t r o p i c a l l y  r e i n f o r c e d  
s u b j e c t e d  t o  p u r e  t o r s i o n a l  moments . F o r m a t i o n  o f  y i e l d  l i n e s  i s  
g o v e r n e d  by e x p r e s s i o n s  3 . 2 2  and  3 . 2 7 .  I f  t h e  t o p  and b o t to m  r e i n f o r c e ­
m en t s  a r e  i d e n t i c a l  t h e n  s i m u l t a n e o u s  n e g a t i v e  and  p o s i t i v e  y i e l d  w i l l  
o c c u r  o n l y  f o r  § = 45° a s  i n d i c a t e d  by c u r v e  2 o f  F i g .  3 . 1 8 .
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F i g u r e  3 . 1 9  r e p r e s e n t s  a  s l a b  n o n - i s o t r o p i c a l l y  r e i n f o r c e d  and
s u b j e c t e d  t o  a  c o m b i n a t i o n  o f  b e n d in g  and t w i s t i n g  moments.  I f  t h e  a p p l i e d
moments c o r r e s p o n d  t o  c u r v e  1,  p o s i t i v e  y i e l d  o c c u r s  a t  p o i n t  A. F o r
c e r t a i n  c o m b i n a t i o n  o f  a p p l i e d  moments s i m u l t a n e o u s  n e g a t i v e  and p o s i t i v e
y i e l d  w i l l  o c c u r  a s  i n  t h e  c a s e  r e p r e s e n t e d  by  c u r v e  2 where y i e l d
o c c u r s  a t  p o i n t s  B a nd  C.
F i g u r e s  3 . 2 0  t o  3 .2 3  r e p r e s e n t  v a r i a t i o n  o f  a n g l e  w i th  a n g l e
§ f o r  d i f f e r e n t  t y p e s  o f  s l a b s .  The c u r v e s  a r e  p l o t t e d  b a s ed  on e x p r e s s i o n s
3 . 2 2  and 3 .2 7 .  I n  f i g .  3 . 2 1 ,  where  co =  0 . 5  and  (i =  0 . 5 ,  f o r  $ = 0 ,
t h e  moment s t a t e  c o r r e s p o n d s  t o  t h e  p o i n t  TA f o f  J o h a n s e n ' s  y i e l d
c r i t e r i o n  ( F i g .  3 . 9 )  wh ich  i n d i c a t e s  t h a t  a t  t h i s  p o i n t  t h e  y i e l d  l i n e
c a n  form i n  i n - n u m e r a b l e  d i r e c t i o n s .  T h i s  c a s e  which was e x p l a i n e d  i n
s e c t i o n  3 . 5  ( c ) ,  c a s e  ( i i i ) ,  w i l l  o c c u r  when 0) =  p. a nd  $ =  0° .
A s i m i l a r  s i t u a t i o n  w i l l  a l s o  e x i s t  f o r  an  i s o t r o p i c a l l y  r e i n f o r c e d
M1s l a b  when t h e  r a t i o  o f  a p p l i e d  moments ,  —  =  co = 1 . 0 ,  f o r  any  v a l u e
2
o f  $ a s  shown i n  F i g .  3 . 2 2 .
T hese  p r i n c i p l e s  o f  f o r m a t i o n  o f  y i e l d  l i n e s  a r e  u s e d  i n  c a r r y i n g  
o u t  a  c om p le te  e l a s t i c  -  p l a s t i c  s o l u t i o n  o f  s l a b s  i n  c h a p t e r  4,  and  a n  
e x p e r i m e n t a l  i n v e s t i g a t i o n  o f  t h e s e  y i e l d  c o n d i t i o n s  i s  d e s c r i b e d  i n  
c h a p t e r  5.
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CHAPTER 4 
E l a s t i c - P l a s t i c  A n a l y s i s
4 . 1  I n t r o d u c t i o n
I n  t h i s  c h a p t e r  t h e  method u s e d  t o  o b t a i n  t h e  e l a s t i c - p l a s t i c  
s o l u t i o n  i s  d e v e lo p e d .  Sm a l l  d e f l e c t i o n  t h e o r y  o f  b e n d in g  o f  o r t h o t r o p i c  
p l a t e s  i s  u s e d  and  i t  i s  assumed t h a t  r e i n f o r c e m e n t  i n  t h e  s l a b  i s  
p r o v i d e d  i n  two o r t h o g o n a l  d i r e c t i o n s .  F u r t h e r m o r e ,  t h e  f o r m a t i o n  o f  
y i e l d  l i n e s  i s  assumed t o  be go v e rn e d  by t h e  p r i n c i p l e s  e s t a b l i s h e d  i n  
s e c t i o n  3 . 4 .
4 . 2  T h e o r e t i c a l  C o n s i d e r a t i o n s
I n  t h e  s m a l l  d e f l e c t i o n  t h e o r y  o f  l a t e r a l l y  l o a d e d  p l a t e s  ( 2 9 ) ,  
t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n  i n  t e r m s  o f  b e n d in g  and  t w i s t i n g  
moments i s  d e r i v e d  from a c o n s i d e r a t i o n  o f  e q u i l i b r i u m  o f  f o r c e s  on  a 
p l a t e  e l e m e n t  ( F i g .  4*1 ) :
A  d2!!
— 5 s -  T T 2 ,  +  +  — S  =  - q ( x ,  y )  ( 4 . 1 )
b x 2  3 x ^  a x S y  a y 2
where  M and  M a r e  t h e  b e n d in g  moments p e r  u n i t  l e n g t h  a c t i n g  on t h e  x y
e d g e s  p a r a l l e l  t o  t h e  y and  x a x e s  r e s p e c t i v e l y ;  M d e n o t e s  t h e  t w i s t i n gxy
moment pe r  u n i t  l e n g t h  t e n d i n g  t o  r o t a t e  t h e  e l e m e n t  a b o u t  a n  a x i s
p a r a l l e l  t o  t h e  x - a x i s  and  M i s  t h e  t w i s t i n g  moment p e r  u n i t  l e n g t hyx
t o  r o t a t e  t h e  e l e m e n t  a b o u t  a n  a x i s  p a r a l l e l  t o  t h e  y - a x i s .  q ( x ,  y) 
i s  t h e  i n t e n s i t y  o f  t h e  c o n t i n u o u s l y  d i s t r i b u t e d  l o a d .
I t  may be n o t e d  t h a t  i n  F i g .  4 . 1 ,  t h e  moments a r e  r e p r e s e n t e d  by 
doub le  headed  v e c t o r s  and  t h e  x - y  p l a n e  i s  i n  t h e  m idd le  s u r f a c e  o f  t h e  
p l a t e  e l e m e n t .  The d i r e c t i o n s  i n  which  moments and  f o r c e s  a r e  c o n s i d e r e d  
p o s i t i v e  a r e  t h o s e  shown i n  F i g .  4 . 1 .
The e q u i l i b r i u m  e q u a t i o n  4 .1  i s  v a l i d  f o r  t h e  e l a s t i c  a s  w e l l  a s  
f o r  p l a s t i c  s t a g e  s i n c e  no m a t e r i a l  p r o p e r t i e s  ha ve  been  c o n s i d e r e d  i n  
i t s  d e r i v a t i o n .
C o n s i d e r i n g  a p l a t e  made o f  o r t h o t r o p i c  m a t e r i a l  h a v i n g  a x e s  o f  
o r t h o t r o p y  c o r r e s p o n d i n g  to  x  and  y d i r e c t i o n s ,  t h e  s t r e s s - s t r a i n  
r e l a t i o n s  c a n  be  e p x r e s s e d  i n  t h e  f o l l o w i n g  fo rm s ;
27
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
28
E
(j _ ----------2—  ( e + u C )
X ( l - u  U ) X X Vx y 3
cr = T T ^ V  ) ( s y +  V*1
y ( 4 . 2 )
T =  G Y xy xy xy
T =  G Y yx yx  xy
I f  p l a n e  s e c t i o n  r e m a i n s  p l a n e  b e f o r e  a n d  a f t e r  b e n d i n g ,  t h e  
f o l l o w i n g  r e l a t i o n s  a r e  v a l i d :
d2w
€ =  ( 4 . 3 )
8y
2
y  =  .  2z^ - y -
' x y  8xSy
Combining  e x p r e s s i o n s  4 . 2  and  4 . 3 ,  t h e  f o l l o w i n g  s t r e s s - d i s p l a c e m e n t  
r e l a t i o n s  a r e  o b t a i n e d
E 2 2x / 5 w ?) wrr —z * (-V .1. n iV ** )
CTx  l - u  u 1 2 +  X 2 '
x  y £x Sy
°y -  - T 3 * i T  < 4  +  1 <*.*)
x  y  3y 5x
^2
T =  - 2z G rxy xy 3x5y
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T =  -2z  G -r—ryx  yx  3x £y
W ith  t h e s e  e x p r e s s i o n s  f o r  s t r e s s e s ,  t h e  b e n d in g  and t w i s t i n g  
moments  can  be e p x r e s s e d  a s :
M =  -(D ■“ j  +  D-x  x  . 2  1 ^ 23x  By
My  -  - (Dy  ^  +  1
■ '  ay  . *  ( 4 . 5 )
M =  + 2 D  ^ w  
xy  xy  B ^ y
M =  - 2 D  ^yx  yx  3 jB.y
V a r i o u s  f l e x u r a l  and t o r s i o n a l  r i g i d i t i e s  i n  e x p r e s s i o n s  4 .5
a r e  d e f i n e d  a s  f o l l o w s :
E t 3
D =  X -------x  1 2 ( l - u  u )x  y
E t 3
y
Dy 12( l - u  u ) J x  y
3
° x y  Gxy 12
t 3
° y x  Gyx 12
c ( 4 . 6 )
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D. =  UD 1 X X
D ,  =  I) D 2 y  y
( 4 . 6 )
I n  o r d e r  t o  e x p r e s s  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  o f  a n  
o r t h o t r o p i c  p l a t e  i n  t e r m s  o f  t r a n s v e r s e  d i s p l a c e m e n t  w o f  t h e  m i d d l e  s u r f a c e ,  
e x p r e s s i o n s  4 . 5  a r e  s u b s t i t u t e d  i n t o  e q u a t i o n  4 .1  and  t h e  f o l l o w i n g  e q u a ­
t i o n  i s  o b t a i n e d :
D +  2 H —  +  D =  q ( x ,  y) ( 4 . 7 )
* ax  7 a y4
i n  which
2H =  D , + D „ + 2 D  + 2 D  ( 4 . 8 )1 2 xy yx
T h i s  i s  t h e  g e n e r a l  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  o r t h o t r o p i c  p l a t e ,  
deduced  by Huber  and  known a s  H u b e r ' s  e q u a t i o n .
I n  t h e  c a s e  o f  i s o t r o p i c  medium, no more t h a n  two e l a s t i c  c o n s t a n t s  
a r e  p r e s e n t  i n  t h e  s t r e s s  -  s t r a i n  law s .  T he se  c o n s t a r t s ,  modulus  o f  
e l a s t i c i t y  E,  and P o i s s o n ' s  r a t i o  u ,  a r e  r e l a t e d  t o  t h e  o t h e r  c o n s t a n t s  
a s :
E =  E =  E x y
u =  u =  i> 
X y
( 4 . 9 )
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Gxy "  Gyx “  2(1E+ u ) ( 4 *9)
E x p r e s s i o n s  4 . 6  t h e n  r e d u c e  t o
E t 3
Dx ~  Dy ~  12(1 -  u 2) =  D
D1 = ° 2  =  UD ( 4 . 1 0 )
D = D = -1- ~ U D xy  yx 2
I t  f o l l o w s  f u r t h e r  t h a t  e x p r e s s i o n s  4 . 5  r e d u c e  t o
+  u 1b y
M =  - D ( ^  +  u ^ 2 ) ( 4 . 1 1 )
y b y  a *
2
M = -M +D( l - u )
xy  yx Sxdy
A l s o  2H =  D, +  D0 +  2D +  2D =  2D and e q u a t i o n  4 . 7  r e d u c e s  t o  t h e  1 2 xy yx M
f o rm :
d (2 ? 2  +  2 ^ - 2 -  +  =  q ( x , y )  ( 4 . 1 2 )
a x 4 3 x V  a /
A s o l u t i o n  o f  e q u a t i o n  4 .7  ( f o r  a n  o r t h o t r o p i c  p l a t e )  o r  i t s  
r e d u c e d  form e q u a t i o n  4 . 1 2  ( f o r  a n  i s o t r o p i c  p l a t e )  s a t i s f y i n g  t h e  a p p r o ­
p r i a t e  bounda ry  c o n d i t i o n s  c o n s t i t u t e s  t h e  c o m p le te  s o l u t i o n  t o  an  e l a s t i c
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p l a t e  b e n d in g  p ro b le m  u n d e r  t h e  a s s u m p t i o n s  o f  t h e  s m a l l  d e f l e c t i o n  
t h e o r y .  T h i s  s o l u t i o n  i s  v a l i d  f o r  a l l  p o i n t s  o f  t h e  p l a t e  w i t h i n  t h e  
e l a s t i c  r a n g e .
4 . 3  A p p l i c a t i o n  t o  R e i n f o r c e d  C o n c r e t e  S l a b s
The v a r i o u s  f l e x u r a l  and  t o r s i o n a l  r i g i d i t i e s  o f  t h e  r e i n f o r c e d
c o n c r e t e  s l a b  may be  a p p r o x i m a t e d  a s  f o l l o w s  ( 2 9 ) :
L e t  E be t h e  modulus o f  e l a s t i c i t y  o f  s t e e l ,  E t h a t  o f  c o n c r e t e  s  J c
assumed  e q u a l  i n  a l l  d i r e c t i o n s ,  u P o i s s o n ' s  r a t i o ,  f o r  c o n c r e t e ,  a l s o  
as sumed e q u a l  i n  a l l  d i r e c t i o n s ;  and  m i s  t h e  r a t i o  o f  E t o  E , t h e n
E
D = - £  
X l - u
E
D =  — ~  
y l - u 2
-  r  I  +  (m - l )  1 ]2 L cx  s x  J
f I  + (m - l )  X 1 [ c y  s y  J
D, =  u D ( 4 . 1 3 )1 x
D 0 =  u D
2 y
D =  D xy yx
where  I  a nd  I  a r e  moments o f  i n e r t i a  o f  t h e  c o n c r e t e  and  o f  t h e  s t e e l  c x  s x
r e i n f o r c e m e n t  r e s p e c t i v e l y  a b o u t  t h e  n e u t r a l  a x i s ,  i n  t h e  s e c t i o n  p a r a l l e l
t o  t h e  y - a x i s .  I  a n d  I  a r e  t h e  r e s p e c t i v e  v a l u e s  f o r  t h e  s e c t i o n  J cy sy
p a r a l l e l  t o  t h e  x - a x i s .  The v a l u e s  o f  I  and  I  a r e  b a s e d  on t h e  r  c x  cy
e f f e c t i v e  ( u n c r a c k e d )  a r e a  o f  c o n c r e t e ,  which  i s  d e p e n d e n t  on  t h e  d e p th  
o f  t h e  c r a c k .  The v a l u e  o f  t h e  modulus  o f  e l a s t i c i t y  o f  c o n c r e t e  i s  
t a k e n  a s  t h e  s e c a n t  modulus c o r r e s p o n d i n g  t o  t h e  p o i n t  on  t h e  s t r e s s - s t r a i n  
d i a g r a m  o f  c o n c r e t e  (42)  r e p r e s e n t i n g  t h e  maximum c o m p r e s s i v e  s t r e s s  a t  t h e  
p o i n t  i n  q u e s t i o n .  A l s o  i f  t h e  c o n c r e t e  h a s  c r a c k e d  a t  t h e  l e v e l  o f  t h e  s t e e l ,
S i n c e  t h e  s t r e s s  a t  t h e  s e c t i o n  v a r i e s  f rom z e r o  a t  t h e  n e u t r a l  a x i s  t o  
t h e  maximum a t  t h e  e x t r e m e  f i b r e ,  t h e  s e c a r t  modulus  i s  b e l i e v e d  t o  
g i v e  b e t t e r  a p p r o x i m a t i o n  t h a n  t h e  t a n g e n t  m odu lus .
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(m - l )  i n  t h e  e x p r e s s i o n s  4 .1 3  i s  r e p l a c e d  by m .
S u b s t i t u t i n g  =  ^ y x ’ a s  ^rom e x p r e s s i o n s  4 . 1 3 ,  t h e  e q u a t i o n
o f  e q u i l i b r i u m ,  Eq. 4 . 1 ,  becomes :
A  A  9^1
— + y ] (4-14)
d x  ' * * *  ? y
4 . 4  Moment -  D e f l e c t i o n  R e l a t i o n s  f o r  a  Y i e l d e d  P o i n t
L e t  i t  be assumed t h a t  a t  a  y i e l d e d  p o i n t ,  t h e  y i e l d  l i n e  forms 
a l o n g  t h e  d i r e c t i o n  t ,  t h e  no rm a l  t o  which  makes a n  a n g l e  9 w i t h  t h e  x 
d i r e c t i o n ;  t h e n ,  f rom t h e  f i r s t  two o f  e x p r e s s i o n s  4 . 5 ,  one c a n  w r i t e  
D
M -  f -  V Mx
 --------------- 2— 5-------  ( 4 . 1 5 )
b y Z D (1-U )
3 y
w hich  c a n  f u r t h e r  be w r i t t e n  a s :
2 * 2w D
M =  -D ( l - u  ) ^  UM ( 4 . 1 6 )
3 dy  x
A p p l y i n g  e x p r e s s i o n  4 .1 6  t o  t h e  n - t  s y s t e m  o f  a x e s  a t  t h e  i n s t a n t  
o f  y i e l d i n g ,  one  can  w r i t e
2 a 2 Dt
Mt  =  - Dt ( l - U  * 2 +  D U Mnn ( 4 - 17)Bt n  p
where  Dfc and a r e  t h e  v a l u e s  o f  t h e  f l e x u r a l  r i g i d i t i e s  o f  t h e  s l a b  i n
t h e  t  and  n d i r e c t i o n s  r e s p e c t i v e l y .
A t  the.  i n s t a n t  o f  y i e l d i n g  M =  M a nd  M =  M f romn  pn n t  p n t
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e x p r e s s i o n s  3 .16  a nd  3 .1 7  r e s p e c t i v e l y .  Thus f o r  f u r t h e r  i n c r e a s e  o f
l o a d ,  i n c r e a s e  i n  M and M a t  t h i s  p o i n t  w i l l  be z e r o .  The l a s t  t e r mn n t  r
i n  e x p r e s s i o n  4 .17  depends  upon M which  i s  c o n s t a n t  f o r  a  p a r t i c u l a r  
p o i n t  so t h i s  t e rm  w i l l  c o n t r i b u t e  n o t h i n g  t o  t h e  i n c r e a s e  i n  M^. Thus 
f o r  a d d i t i o n a l  l o a d s  t h e  i n c r e m e n t a l  v a l u e s  o f  moments a r e  g iv e n  by t h e  
f o l l o w i n g s :
A M = 0  n
2
AM =  -D ( l - u 2) ^  (4 .18)
a t
A M  = 0  nt
where Aw i s  t h e  i n c r e m e n t a l  v a l u e  o f  t h e  d e f l e c t i o n  and i s  t h e  f l e x u r a l
r i g i d i t y  o f  t h e  s l a b  i n  t h e  d i r e c t i o n  t .  From e x p r e s s i o n s  4 .1 8  t h e  
moments i n  x - y  sys te m  can  be o b t a i n e d  by u s i n g  t h e  M ohr 's  c i r c l e  f o r  
p l a n e  s t r e s s e s .
A c c o r d in g  t o  t h e  p r i n c i p l e s  o f  f o r m a t i o n  o f  y i e l d  l i n e s  e s t a b l i s h e d  
i n  s e c t i o n  3 . 4 ,  t h e r e  can be f o u r  t y p e s  o f  y i e l d i n g  i n  t h e  s l a b .  The 
c o r r e s p o n d i n g  s i m p l i f i e d  m o m e n t - d e f l e c t i o n  r e l a t i o n s  f o r  e a c h  ty p e  a r e  
d e s c r i b e d  below.
Type 1
The f i r s t  t y p e  o f  y i e l d i n g  w i l l  o c c u r  a t  a p o i n t  where  t h e  f o l l o w ­
i n g  c o n d i t i o n s  e x i s t .
M = 0 ,  M =  M , M <  M ( 4 . 1 9 )xy x p x ’ y py
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I n  t h i s  c a s e  i s  t h e  maximum p r i n c i p a l  moment and  y i e l d i n g  i s  
p a r a l l e l  t o  y - a x i s .  A f u r t h e r  i n c r e m e n t  o f  l o a d i n g  w i l l  r e s u l t  i n  a n
i n c r e a s e  i n  M which  can  s t i l l  i n c r e a s e  u n t i l  i t s  v a l u e  r e a c h e s  t h e
y
p l a s t i c  moment ^  • However ,  s i n c e  c h a n g e s  i n  t h e  c u r v a t u r e  i n  t h e  x
d i r e c t i o n  w i l l  n o t  a f f e c t  b e c a u s e  o f  y i e l d i n g ,  P o i s s o n ' s  r a t i o  f o r
t h i s  p o i n t  f o r  s u b s e q u e n t  i n c r e m e n t s  o f  l o a d  must  be t a k e n  a s  z e r o .  The 
f o l l o w i n g  m o m e n t - d e f l e c t i o n  r e l a t i o n s  c a n  be u s e d  f o r  t h i s  p o i n t  i n  
i n c r e m e n t a l  form:
A M =  0x
2 ( 4 . 2 0 )
a M  -  -D ( 1 - u 2) a J i i S )
y J  d y
H ere  i t  may be m e n t io n e d  t h a t  D ( l -  u ) =  g , w h ic h  i s  t h e
v a l u e  o f  f l e x u r a l  r i g i d i t y  w i t h  u =  0
Type I I
The second t y p e  o f  y i e l d i n g  o c c u r s  a t  a p o i n t  where  t h e  f o l l o w i n g  
c o n d i t i o n s  a r e  p r e s e n t :
M =  0 , M <  M , M  = M  (4 .  21)xy x px y py
I n  t h i s  c a s e  y i e l d i n g  i s  p a r a l l e l  t o  t h e  x d i r e c t i o n .  can
s t i l l  i n c r e a s e  i n  m a g n i tu d e  f o r  s u b s e q u e n t  i n c r e a s e  i n  l o a d  u n t i l  i t s
v a l u e  r e a c h e s  M . H ere  a g a i n  P o i s s o n r s  r a t i o  w i l l  be t a k e n  a s  z e r o ,  px
g i v i n g  t h e  f o l l o w i n g  m o m e n t - d e f l e c t i o n  r e l a t i o n s  i n  i n c r e m e n t a l  fo rm :
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4 =  -D ( l - v 2)
ax
A H  = 0
y
( 4 . 2 2 )
Type I I I
The t h i r d  t y p e  o f  y i e l d i n g  w i l l  o c c u r  a t  a  p o i n t  where  M yf 0xy
a n d  p r i n c i p a l  moments do n o t  c o i n c i d e  w i t h  t h e  x - y  d i r e c t i o n s .  I n  t h i s  
c a s e  y i e l d i n g  w i l l  o c c u r  a t  a n  a n g l e  g i v e n  by t h e  e x p r e s s i o n  3 . 2 2 .
I t  may be  p o i n t e d  o u t  t h a t  t h i s  y i e l d i n g  w i l l  be p e r p e n d i c u l a r  t o  t h e  
d i r e c t i o n  o f  maximum p r i n c i p a l  moment o n l y  i n  a n  i s o t r o p i c a l l y  r e i n f o r c e d  
s l a b  b u t  w i l l  be  i n  a  d i f f e r e n t  d i r e c t i o n ,  d e p e n d in g  upon t h e  p r i n c i p l e  
o f  l e a s t  r e s i s t a n c e ,  i n  a  n o n - i s o t r o p i c a l l y  r e i n f o r c e d  s l a b .  The moment 
d e f l e c t i o n  r e l a t i o n s  f o r  such  a  p o i n t  i n  t h e  n - t  sy s tem  o f  a x e s  a r e  
g i v e n  by t h e  e x p r e s s i o n s  4 . 1 8 .  From F i g .  3 . 1 0 ,  t h e  a n g l e  which  t h e  
n o rm a l  t o  t h e  y i e l d  l i n e  w i l l  make w i t h  t h e  x  d i r e c t i o n  i s  g i v e n  by 
6 =  § +  ty. T h e r e f o r e  t h e  m o m e n t - d e f l e c t i o n  r e l a t i o n s  i n  t h e  x - y
s y s t e m  o f  a x e s  f o r  t h i s  p o i n t  c a n  be w r i t t e n  a s  f o l l o w s  i n  i n c r e m e n t a l  
fo rm :
AM =  -x
n f i 2\ (aw) . 2n b  (aw) . «« S ( Aw) 2n -i . 2f~ -D l l - u  ) [ — r -  s i n  9 -  ~' s i n 2 9 +  — -r-3-  c o s  0 ]  s m  9t  2 dxdy ^ 2  J9x J by
A M =  ‘ -D ( 1 - u 2) s i n 2£ _ S _ l s z )  s l n 26  +  l - i s z l  c o s 2# ]  c o s 2# (423)
y  t  t o 2 ^ 2
. M  =  -D ( l - u 2) s i n 2# -  ^  s i n 2 #  +  ^  ^ c o s 2# ]  s i n #  c o s #
y  * a * 2 ^  a y2
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I t  can  be r e a d i l y  o b s e r v e d  t h a t  t y p e s  I  and  I I  a r e  s p e c i a l  c a s e s  
of t y p e  I I I  y i e l d  when 9 = 0 °  and  90° r e s p e c t i v e l y .
Type IV
The  f o u r t h  t y p e  o f  y i e l d i n g  w i l l  o c c u r  a t  a  p o i n t  which  h a s  
p r e v i o u s l y  yie l d e d  i n  a c c o r d a n c e  t o  a ny  o f  t h e  f i r s t  t h r e e  t y p e s  o f  
y i e l d s  a n d ,  a f t e r  s u b s e q u e n t  i n c r e a s e  o f  l o a d ,  now y i e l d s  i n  a  d i r e c t i o n  
p e r p e n d i c u l a r  t o  t h a t  o f  t h e  p r e v i o u s  yield. A t  t h i s  s t a g e  t h e  r e s i s t i n g  
c a p a c i t y  o f  t h i s  p o i n t  may be assumed  t o  ha ve  been  c o m p l e t e l y  e x h a u s t e d  
a nd  no i n c r e a s e  i n  a n y  moment c a n  now t a k e  p l a c e  a t  t h i s  p o i n t  f o r  f u r t h e r  
i n c r e a s e  o f  load..  The moment f i e l d  i s  now r e p r e s e n t e d  by t h e  c o r n e r  
p o i n t  TA '  o f  F i g .  3 . 9 .  Hence f o r  t h i s  p o i n t  i n  s u b s e q u e n t  s t a g e s :
a  M =  0  x
a  My =  0 ( 4 .2 4 )
AM =  0xy
4 . 5  O u t l i n e  o f  t h e  Method
E x p r e s s i o n  4 .1  r e p r e s e n t s  t h e  e q u i l i b r i u m  e q u a t i o n  and  i s  v a l i d  f o r
b o th  e l a s t i c  and e l a s t i c  -  p l a s t i c  s t a t e s .  E x p r e s s i o n s  4 .5  g i v e  moment 
d e f l e c t i o n  r e l a t i o n s  i n  t h e  e l a s t i c  s t a g e  o n l y .  S u b s t i t u t i o n  o f  e x p r e s s i o n s
4 .5  i n t o  e x p r e s s i o n  4 . 1  g i v e s  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n ,  Eq. 4 . 7 ,  
o r  i t s  r e d u c e d f o r m ,  Eq. 4 . 1 2  ( f o r  t h e  i s o t r o p i c  c a s e ) > .i n  t e r m s  o f  unknown 
d e f l e c t i o n s  and a p p l i e d  l o a d i n g s .  S o l u t i o n  o f  t h i s  e q u a t i o n  w i t h  a p p r o p r i a t e  
bounda ry  c o n d i t i o n s  w i l l  c o n s t i t u t e  t h e  c o m p l e t e  s o l u t i o n  o f  t h e  e l a s t i c
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p l a t e  p rob le m .
A l th o u g h  a  g o v e r n i n g  e q u a t i o n  i n  t e r m s  o f  d e f l e c t i o n s  such a s  
e x p r e s s i o n  4 . 7  may be d e r i v e d  f o r  t h e  e l a s t i c  s t a t e ,  t h e r e  e x i s t s  no 
such  s im p l e  r e l a t i o n s h i p  f o r  t h e  p l a s t i c  s t a t e .  T h e r e f o r e ,  i n  t h i s  s t u d y  
t h e  c o m p l e t e  s o l u t i o n  i s  o b t a i n e d  i n  a  s e r i e s  o f  l i n e a r  i n c r e m e n t a l  
s o l u t i o n s  which  a p p r o x i m a t e  t h e  o v e r a l l  b e h a v i o r  o f  t h e  e l a s t i c - p l a s t i c  
p l a t e .  At  t h e  e l a s t i c  l i m i t  l o a d  t h e  f i r s t  p o i n t  i n  t h e  p l a t e  y i e l d s .
F o r  t h e  s a k e  o f  m a t h e m a t i c a l  r e p r e s e n t a t i o n  i f  t h e  p l a t e  i s  r e p l a c e d  
by a  number o f  d i s c r e t e  mass  p o i n t s ,  t h e n  beyond t h e  e l a s t i c  l i m i t  l o ad  
t h e  e l a s t i c  e q u a t i o n s  gove rn  a t  a l l  p o i n t s  e x c e p t  t h e  one t h a t  has  
y i e l d e d .  M o m e n t - d e f l e c t i o n  r e l a t i o n s  f o r  t h i s  y i e l d e d  p o i n t  a r e  m o d i f i e d  
a c c o r d i n g  t o  s e c t i o n  4 . 4 .  T he se  new m o m e n t - d e f l e c t i o n  r e l a t i o n s  a r e  now 
s u b s t i t u t e d  i n  t h e  e q u i l i b r i u m  e q u a t i o n  a n d  t h e  second  s t a g e  s o l u t i o n  i s  
o b t a i n e d .  The s t r u c t u r e  a c t s  l i n e a r l y  d u r i n g  t h e  l o a d  i n c r e m e n t  r e q u i r e d  
t o  c a u s e  t h e  n e x t  p o i n t  t o  y i e l d .  The i n c r e m e n t a l  l o a d  must  be so a d j u s t e d  
t h a t  y i e l d i n g  j u s t  s t a r t s  a t  t h e  n e x t  h i g h l y  s t r e s s e d  p o i n t .  T h i s  w i l l  
r e q u i r e  a n  i t e r a t i o n  p r o c e d u r e  s i n c e  t h e  t o t a l  moments a t  a ny  p o i n t  a r e  
n o t  l i n e a r  w i t h  t h e  i n c r e m e n t a l  v a l u e  o f  t h e  l o a d .  The t o t a l  d e f l e c t i o n s  
and  moments w i l l  now be t h e  sum o f  t h e  e l a s t i c  d e f l e c t i o n s  a nd  moments ,  
and  t h e i r  i n c r e m e n t s  due t o  i n c r e m e n t a l  l o a d  i n  t h e  second  s t a g e .  At  
t h i s  l o a d  l e v e l  t h e  n e x t  p o i n t  y i e l d s  whose m o m e n t - d e f l e c t i o n  r e l a t i o n s  
w i l l  h a v e  t o  be m o d i f i e d  b e f o r e  t h e  t h i r d  s t a g e  s o l u t i o n  c a n  be c a r r i e d  
o u t .  Thus even  tho u g h  t h e  o v e r a l l  b e h a v i o r  o f  t h e  s t r u c t u r e  i s  n o n - l i n e a r  
i t  may be a d e q u a t e l y  e x p r e s s e d  by a s e r i e s  o f  l i n e a r l y  i n c r e m e n t a l  
s o l u t i o n s .
I t  s h o u l d  be n o t e d  t h a t  i n  c e r t a i n  s t a g e s  o f  l o a d i n g ,  more  t h a n  
one p o i n t  o f  t h e  s l a b  may y i e l d  s i m u l t a n e o u s l y  a nd  i f  s o ,  moment 
d e f l e c t i o n  r e l a t i o n s  o f  a l l  such  p o i n t s  m u s t  be m o d i f i e d  b e f o r e  t h e
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n e x t  s t a g e  s o l u t i o n  i s  a t t e m p t e d .
The u l t i m a t e  lo ad  i s  o b t a i n e d  when s u f f i c i e n t  p o i n t s  have  y i e l d e d  
t o  c o n v e r t  t h e  s l a b  i n t o  a  c o l l a p s e  m echanism  w hich  i s  i n d i c a t e d  when 
d e f l e c t i o n s  become l a r g e .
4 .6  N u m e ric a l  P ro c e d u re
The c o n s i d e r a t i o n  and  i n c l u s i o n  o f  n o n - l i n e a r  m a t e r i a l  b e h a v io r  
i n t o  t h e  p ro b le m  n e c e s s i t a t e s  a  n u m e r i c a l  t e c h n i q u e  o f  s o l u t i o n .  F i n i t e  
d i f f e r e n c e  m ethod i s  employed i n  t h i s  s t u d y  t o  a p p ro x im a te  t h e  d i f f e r ­
e n t i a l  e q u a t i o n s .  T h i s  r e q u i r e s  w r i t i n g  t h e  e q u a t i o n s  a t  d i s c r e t e  p o i n t s  
on th e  s l a b  u s in g  f i n i t e  d i f f e r e n c e . a p p r o x i m a t i o n s  t o  r e p r e s e n t  t h e  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ;  t h i s  r e d u c e s  t h e  p ro b le m  t o  a sy s te m  o f  
a l g e b r a i c  e q u a t i o n s .  The f o l l o w i n g  s t a n d a r d  f i n i t e  d i f f e r e n c e  o p e r a t o r s  
(32 )  a r e  u s e d :
dx
1




(h  ) x
4h h 
x y
[+1 -2  +1 ]
+1 0 -1
0 0 0
-1  0 +1
(4 .  25)
w here  h a n d  h a r e  t h e  n o n - d im e n s io n a l  s p a c i n g s  be tw een  g r i d  p o i n t s  i n  x y
x  and  y d i r e c t i o n s  r e s p e c t i v e l y .
The b o u n d a ry  c o n d i t i o n s  a l o n g  t h e  s im p ly  s u p p o r t e d  edge  x =  0 o r  
x  =  a  a r e :
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M =  0x
w = 0
a 2w a 2wS in c e  M =  -D ( r  +  u — r)  and  s i n c e  t h e r e  i s  no c u r v a t u r e  i n  t h eX X Z, c.• 8x .
2 o wy  d i r e c t i o n ,  i . e .  — r = 0 . ? t h e n  t h e  z e r o  moment c o n d i t i o n  r e d u c e s
By
t o  2  =  0 .  S i m i l a r l y  a t  t h e  edge y =  0 o r  y =  b ,  t h e  b o u n d a ry
Bx
c o n d i t i o n s  a r e :
w = 0
• =  0 ( 4 .2 6 )
By
S in c e  b o th  c u r v a t u r e s  a r e  z e r o ,  t h e  o n ly  moment component p r e s e n t  a t  t h e  
s im p ly  s u p p o r t e d  edge i s  t h e  t w i s t i n g  moment.
The b o u n d a ry  c o n d i t i o n s  a lo n g  a  f i x e d  edge  x =  0 o r  x  =  a
a r e : 
w =  0
( 4 .2 7 )
=  0
Bx
an d  a lo n g  t h e  edge  y =  0 o r  y =  b
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( 4 . 2 8 )
To a p p ly  any  o f  t h e  a p p l i c a b l e  f i n i t e  d i f f e r e n c e  o p e r a t o r  f o r  
e x p r e s s io n s  4 .5  a t  t h e  edge p o i n t s ,  f i c t i t i o u s  p o i n t s  o u t s i d e  t h e  edge 
m ust be e s t a b l i s h e d .  I t  h a s  been shown above  t h a t  b o th  c u r v a t u r e s  a lo n g  
a  s im p ly  s u p p o r te d  edge a r e  z e r o .  W r i t i n g  t h i s  f o r  p o i n t  3 i n  F i g .  4. 2:
w? -  2w3 +  w19 =  0
S in c e  t h e  d e f l e c t i o n  a t  t h e  edge i s  z e r o ,  t h e r e f o r e
w19 =  -w? ( 4 .2 9 )
F i c t i t i o u s  p o i n t s  e s t a b l i s h e d  i n  t h e  same way a r e  u sed  i n  a p p ly i n g  th e
f i n i t e  d i f f e r e n c e  a p p ro x im a t io n s  a t  t h e  edge  p o i n t s .  A t  t h e  c o r n e r
w , , =  w, h a s  b e e n  u s e d .16 6
F o r  a  f i x e d  e d g e ,  t h e  s lo p e  p e r p e n d i c u l a r  t o  t h e  edge i s  z e ro .  
A p p ly in g  t h i s  f o r  p o i n t  3 i n  F ig .  4 . 2  y i e l d s :
w ,  =  w 7 ( 4 .3 0 )
and  a t  t h e  c o r n e r  w, ,  — w,l o  6
I n  t h i s  s t u d y  s q u a re  and  r e c t a n g u l a r  s l a b s  s u b j e c t e d  t o  u n i fo rm
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l o a d  an d  w i th  e i t h e r  s im p ly  s u p p o r t e d  o r  f i x e d  e d g e s  w ere  a n a ly s e d .
Due to  t h e  symmetry o f  t h e  p ro b le m , t h e r e f o r e ,  o n l y  one o c t a n t  o f  th e  
s l a b  was c o n s id e r e d  f o r  s q u a re  s l a b  and  one q u a d r a n t  f o r  t h e  r e c t a n g u l a r  
s l a b .  The s o l u t i o n  p r o c e d u r e  i s  d e s c r i b e d  be low  a n d  a  t y p i c a l  example 
i s  g iv e n  i n  A p p en d ix  'C ' .
The f i n i t e  d i f f e r e n c e  a p p ro x im a t io n  o f  Eq. 4 .1 4  a t  a l l  i n t e r i o r
g r i d  p o i n t s  g i v e s  a  s e t  o f  l i n e a r  e q u i l i b r i u m  e q u a t i o n s .  T hese  e q u a t i o n s
may be w r i t t e n  i n  m a t r i x  form  a s  f o l l o w s :
[AA] {Mx } +  [AB] {Mx y } +  [AC] {My > =  [ q ]  ( 4 . 3 l )
w here  ( M l ,  [ M l  an d  [M 1 a r e  t h e  column m a t r i c e s  o f  unknown moments x • y • x y ■
a t  a l l  g r i d  p o i n t s  and  [ q ]  i s  t h e  column m a t r i x  o f  known a p p l i e d  l o a d s .  
[AA], [AB] and  TAC] a r e  t h e  m a t r i c e s  c o r r e s p o n d in g  t o  t h e  f i r s t ,  se co n d  
a n d  t h i r d  te rm  o f  Eq. 4 .1 4  o b t a i n e d  by a p p l y i n g  t h e  a p p r o p r i a t e  f i n i t e  
d i f f e r e n c e  o p e r a t o r s  a t  t h o s e  g r i d  p o i n t s  whose d e f l e c t i o n s  a r e  unknown. 
E x p r e s s io n s  4 .5  r e p r e s e n t  th e  m o m e n t - d e f l e c t i o n  r e l a t i o n s  i n  t h e  e l a s t i c  
s t a g e  a n d  f i n i t e  d i f f e r e n c e  a p p r o x im a t io n s  o f  t h e s e  e x p r e s s i o n s  g i v e s  t h e  
f o l l o w i n g  r e l a t i o n s  i n  m a t r i x  fo rm :
{Mx } =  [B] [w]
{My } =  [C] {w} ( 4 .3 2 )
{Mxy} = C°3 M
w here  [w] i s  a  column m a t r i x  o f  unknown d e f l e c t i o n s ,  a n d  [B ] ,  [C] an d
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P>] a r e  t h e  c o r r e s p o n d in g  m a t r i c e s  o b t a i n e d  by a p p l y i n g  t h e  a p p r o p r i a t e  
f i n i t e  d i f f e r e n c e  o p e r a t o r s  t o  e xp ress ions  4 .5 .
S u b s t i t u t i o n  o f  e x p r e s s i o n s  4 .3 2  i n t o  4 .3 1  g i v e s  a  s e t  o f  s i m u l ­
t a n e o u s  e q u a t i o n s  f o r  t h e  unknown d e f l e c t i o n s  o f  t h e  form  g iv e n  b e lo w ;
[A] {w} =  {q} ( 4 .3 3 )
w h e r e ,
[A] =  [AA] [B ]  +  [AB] [D] + [AC] [C]
H ere  [A ] i s  a s q u a r e  m a t r i x  o f  t h e  o r d e r  n x  n w h i l e  n  i s  t h e  number 
o f  unknown d e f l e c t i o n s .  A t t h i s  s t a g e  i t  may be  n o t e d  t h a t  e q u a t i o n s  o f  
t h e  form  o f  4 .3 3  may a l s o  be o b t a i n e d  by d i r e c t  s u b s t i t u t i o n  o f  f i n i t e  
d i f f e r e n c e  a p p r o x i m a t io n s  i n t o  t h e  d i f f e r e n t i a l  e q u a t i o n  4 .7  b u t  t h i s  
h a s  n o t  been  done h e r e  f o r  t h e  s im p le  r e a s o n  t h a t  a l t h o u g h  a g o v e rn in g  
e q u a t i o n  i n  term s, o f  d e f l e c t i o n s  such  a s  Eq. 4 .7  may be o b t a i n e d  f o r  
t h e  e l a s t i c  s t a g e ,  t h e r e  e x i s t s  no su c h  s im p le  r e l a t i o n s h i p  f o r  t h e  
p l a s t i c  s t a g e .
S o l u t i o n  o f  E qs .  4 .3 3  y i e l d s  t h e  d e f l e c t i o n  s u r f a c e  and  t h e  moments 
c a n  th e n  be o b t a i n e d  from  e x p r e s s i o n s  4 .3 2 .  T h i s  i s  t h e  e l a s t i c  s o l u t i o n  
i n  te rm s  o f  lo a d  i n t e n s i t y  q .  T he  p r i n c i p a l  moments a t  e a c h  p o i n t  a r e  
c a l c u l a t e d  a c c o r d i n g  t o  t h e  u s u a l  com bined moment r e l a t i o n s h i p s  (M ohrr s 
c i r c l e )  and  each  p o i n t  i s  exam ined  f o r  y i e l d  a c c o r d i n g  t o  t h e  y i e l d  
c r i t e r i o n  o f  e x p r e s s i o n  3 .2 7 .  The v a l u e  o f  t h e  l o a d  to  c a u s e  ea ch  p o i n t  
t o  y i e l d  i s  c a l c u l a t e d  s e p a r a t e l y  and  t h e  minimum lo a d  i n t e n s i t y  w h ich  
w i l l  c a u se  th e  m o s t  h i g h l y  s t r e s s e d  one o r  more p o i n t s  t o  y i e l d  i s  
o b t a i n e d .  T h i s  i s  t h e  e l a s t i c  lo a d  an d  i s  te rm ed  a s  t h e  f i r s t  s t a g e  
s o l u t i o n .  A l l  v a l u e s  o f  s o l u t i o n  v e c t o r s ,  d e f l e c t i o n s  an d  m om ents, a r e
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recorded.
A f t e r  t h e  i n i t i a l  y i e l d i n g  o f  a p o i n t  t h e  m o m e n t-d e f le c t io  n  r e l a t i o n s  
f o r  t h a t  p o i n t  a r e  m o d i f ie d  t o  a c c o u n t  f o r  y i e l d i n g ,  i . e .  t h e  e l a s t i c  
e q u a t i o n s  a r e  r e p l a c e d  a c c o r d i n g  t o  t h e  ty p e  o f  y i e l d  d e s c r i b e d  i n  
s e c t i o n  4 .4 .  T h i s  r e q u i r e s  c h a n g in g  o n ly  t h e  c o r r e s p o n d in g  rows i n  
m a t r i c e s  [ B ] ,  [C^ and  [D ]  i n  E q s .  4 .3 2 .  T h i s  p r o c e d u r e  i s  f o l lo w e d  f o r  
a l l  p o i n t s  t h a t  y i e l d  s i m u l t a n e o u s l y  i n  th e  f i r s t  s t a g e .  S u b s t i t u t i n g  
t h e s e  new moment d e f l e c t i o n  r e l a t i o n s  i n t o  Eq. 4 .3 1  g i v e s  a new s e t  o f  
s im u l ta n e o u s  e q u a t i o n s  h a v in g  a  r e v i s e d  m a t r i x  [A]. The so lu tion  o f  t h i s  
s e t  o f  s im u l ta n e o u s  e q u a t i o n s  y i e l d s  th e  second  s t a g e  s o l u t i o n .  An 
a r b i t r a r y  lo a d  in c re m e n t  Aq i s  a p p l i e d  and t h e  r e s u l t i n g  v a lu e s  o f  
moments a r e  ad d e d  t o  t h e  p r e v i o u s  v a l u e s .  New p r i n c i p a l  moment v a l u e s  
a r e  c a l c u l a t e d  a t  each  p o i n t  an d  each  p o in t  i s  c h e ck e d  f o r  y i e l d i n g .
The in c r e m e n t  o f  l o a d  f o r  t h e  se co n d  s t a g e  m ust  be su ch  t h a t  y i e l d i n g  j u s t  
o c c u r s  a t  t h e  m ost h i g h l y  s t r e s s e d  p o i n t  i n  a c c o r d a n c e  w i th  a n y  one o f  
t h e  f o u r  t y p e s  o f  y i e l d  e s t a b l i s h e d  i n  s e c t i o n  4 .4 .  S in c e  t h e  y i e l d  
c r i t e r i o n  i s  n o t  l i n e a r l y  d e p e n d e n t  upon th e  moment i n c r e m e n t ,  p r o p o r t i o n i n g  
o f  th e  r e q u i r e d  in c r e m e n t  o f  lo a d  w i th  r e s p e c t  t o  t h e  a r b i t r a r y  in c r e m e n t  
Aq was n o t  a s  s im p le .  Method o f  i t e r a t i o n  was em ployed each  t im e  u s in g  
th e  new ly  e s t a b l i s h e d  v a lu e  o f  l o a d  i n c r e m e n t ,  c om pu ting  th e  p r i n c i p a l  
moments a n d  c h e c k in g  f o r  t h e  y i e l d  a t  e v e ry  i n d i v i d u a l  p o i n t .
The i n c r e m e n t a l  v a l u e s  o f  d e f l e c t i o n s  a n d  moments a r e  t h e n  ad d ed  
t o  th e  e x i s t i n g  v a lu e s  t o  p r o v id e  new t o t a l  v a l u e s  a t  e v e ry  p o i n t  a t  th e  
end o f  each  increm en t  o f  l o a d i n g ,  i . e .
M i+1 = M t + M i+1
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The computed v a lu e  o f  d e f l e c t i o n  w i l l  depend upon t h e  v a lu e s  
assum ed f o r  t h e  v a r i o u s  s t i f f n e s s e s .  G e n e r a l ly  t h e  s t i f f n e s s  c o m p u ta t io n s  
i n  c a s e  o f  r e i n f o r c e d  c o n c r e t e  s l a b s  a r e  b a sed  e i t h e r  on t h e  g r o s s  
u n c ra c k e d  s e c t i o n  o r  on th e  c r a c k e d ' t r a n s f o r m e d  s e c t i o n .  I n  r e a l i t y  
t h e  s t i f f n e s s  o f  t h e  r e i n f o r c e d  c o n c r e t e  s e c t i o n  depends  upon th e  l e v e l  
o f  t h e  l o a d ,  s i n c e  t h e  e x t e n t  o f  c r a c k i n g  a t  a n y  p o i n t  i s  d e p e n d e n t  on 
t h e  m ag n itu d e  o f  moment, and  moment o f  i n e r t i a  m ust be c a l c u l a t e d  
c o r r e s p o n d in g  t o  t h e  e f f e c t i v e  t r a n s f o r m e d  s e c t i o n ,  an d  a l s o  t h e  v a lu e  
o f  t h e  m odulus o f  e l a s t i c i t y  o f  c o n c r e t e  i s  d e p e n d e n t  upon t h e  c o n c r e t e  
s t r e s s  a t  th e  p o i n t  i n  q u e s t i o n .
The s t i f f n e s s  i n  th e  p r e s e n t  c a s e  i s  t h e  s t i f f n e s s  o f  th e  
u n y i e l d e d  p a r t s  o f  t h e  s l a b .  However t h e  u n y i e l d e d  zone n e a r  th e  
y i e l d e d  a r e a  w i l l  be c ra c k e d  w h e re as  t h e  zone f u r t h e r  away from  t h e  
y i e l d e d  a r e a  may s t i l l  be r e l a t i v e l y  u n c ra c k e d .  I n  t h i s  s tu d y  t h e  v a lu e  
o f  t h e  s t i f f n e s s  b a sed  on th e  e f f e c t i v e  t r a n s f o r m e d  s e c t i o n  has  b een  
u se d  a t  e v e ry  s t a g e  o f  lo a d in g  a t  d i f f e r e n t  p o i n t s .  The e x t e n t  o f  c r a c k ­
i n g  a t  any  l o a d in g  s t a g e  a t  e v e r y  g r i d  p o i n t  i s  o b t a i n e d  from  th e  m ag n i tu d e s  
o f  th e  moments a t  t h e  end o f  t h e  p r e c e e d in g  s t a g e .
The c o m p le te  p ro c e d u re  o f  th e  second  s t a g e  i s  c o n t in u e d  u n t i l  
s u f f i c i e n t  p o i n t s  o f  th e  s l a b  have  y i e l d e d  t o  c o n v e r t  i t  i n t o  a c o l l a p s e
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m echanism , w hich  i s  i n d i c a t e d  by t h e  d e f l e c t i o n s  s u d d e n ly  becoming 
l a r g e .  At t h i s  s t a g e  t h e  s o l u t i o n  i s  t e r m in a t e d .
The e n t i r e  c o m p u ta t io n s  o f  fo rm in g  t h e  r e q u i r e d  m a t r i c e s ,  s o l u t i o n  
o f  th e  e q u i l i b r i u m  e q u a t i o n s ,  c a l c u l a t i o n  o f  p r i n c i p a l  m om ents , c h e c k in g  
f o r  y i e l d ,  p r o p o r t i o n i n g  t h e  l o a d  in c re m e n t  by i t e r a t i o n ,  a d d in g  in c r e m e n t s  
t o  p r e v io u s  v a l u e s ,  c h a n g in g  t h e  s t i f f n e s s e s  o f  t h e  p o i n t s  an d  m o d ify in g  
t h e  m a t r i x  t o  a c c o u n t  f o r  y i e l d e d  p o i n t s  were p e r fo rm e d  on t h e  IBM s y s te m  
3 6 0 /5 0  co m p u te r  a t  t h e  U n i v e r s i t y  o f  W in d so r ;  a c o m p re h en s iv e  c o m p te r  
program  was w r i t t e n  i n  t h e  F o r t r a n  lan g u a g e  and  a• sam ple  a p p e a r s  i n  
A p p en d ix  'E T.
4. 7 P r e s e n t a t i o n  a n d  C om parison  o f  R e s u l t s
( a ) S im ply  S u p p o r te d  S q u a re  S l a b
A s q u a re  s l a b  i s o t r o p i c a l l y  r e i n f o r c e d ,  s im p ly  s u p p o r t e d  on a l l  
f o u r  s id e s  a n d  u n i f o r m ly  lo a d e d  was a n a ly s e d  f o r  e l a s t i c  -  p l a s t i c
b e h a v i o r ,  u s i n g  a g r i d  s i z e  o f  a / 1 6  w here  ’a '  r e p r e s e n t s  t h e  s i d e  of t h e
s l a b .  B ecause  o f  t h e  symmetry o n l y  one o c t a n t  o f  t h e  s l a b  was c o n s i d e r e d .  
The e l a s t i c  s o l u t i o n  was f i r s t  o b t a i n e d  and  e a c h  p o i n t  was exam ined  f o r  
y i e l d i n g .  The minimum lo a d  t o  i n i t i a t e  y i e l d i n g  a t  a n y  p o i n t  was c a l c u ­
l a t e d .  T h i s  o c c u r r e d  a t  t h e  c e n t r e  p o i n t  a t  a  l o a d  v a lu e  o f  q =  2 2 .5 7
2 2 M / a  f o r  u =  0 . 2 .  T h i s  v a l u e  o f  lo a d  was q =  20 .845  M / a  f o rp P
u = 0 . 3 ,  w hich  com pares  f a v o u r a b l y  w i th  th e  v a l u e  o f  20 .877  g iv e n  by
Tim oshenko ( 2 9 ) .  O th e r  v a l u e s  o b t a i n e d  f o r  t h e  i n i t i a l  e l a s t i c  s o l u t i o n  
a r e  compared w i t h  t h e  e x a c t  v a l u e s  o b t a i n e d  from r e f e r e n c e  (2 9 )  i n  T a b le  
4 . 1 .  The e r r o r  f o r  t h e  c e n t r a l  d e f l e c t i o n  and  b e n d in g  moments was l e s s  
t h a n  0 .5 $  and f o r  t w i s t i n g  moments was l e s s  th a n  2$. C onve rgence  o f  t h e  
e l a s t i c  s o l u t i o n  was v e r i f i e d  by c o n s i d e r i n g  th e  c o n v e rg e n c e  o f  d e f l e c t i o n s  
an d  moments o b t a i n e d  u s in g  d e c r e a s i n g  mesh s i z e .  F i g .  4 .3  shows t h r e e
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s o l u t i o n s  p l o t t e d  a g a i n s t  h w here  1 h * i s  t h e  n o n - d im e n s io n a l  grid spacing.
I t  c a n  be o b s e rv e d  t h a t  e x t r a p o l a t i n g  t h e  e l a s t i c  q u a n t i t i e s  t o  t h e  
l i m i t i n g  mesh s i z e ,  h =  0 l e a d s  t o  t h e  v a l u e s  o b t a i n e d  by Tim oshenko.
F o r  f u r t h e r  s t a g e s  o f  l o a d i n g  y i e l d i n g  p r o g r e s s e d  o u tw a rd s  from  
t h e  c e n t r e  a l o n g  t h e  d i a g o n a l  and  t h e n  s p r e a d  from  t h e  d i a g o n a l .  The 
u l t i m a t e  lo a d  was o b t a i n e d  when t h e  s l a b  was c o n v e r t e d  i n t o  m echanism  
and  e x h i b i t e d  l a r g e  d e f l e c t i o n s .  F i g .  4 . 4  g i v e s  t h e  l o a d - d e f l e c t i o n  
diagram  f o r  t h e  c o m p le te  e l a s t i c  -  p l a s t i c  s o l u t i o n .  T y p i c a l  moments 
and  d e f l e c t i n s  a t  t h e  f i r s t  y i e l d  an d  a t  u l t im a te ,  lo a d  a r e  shown i n  
F i g .  4 . 5 .  F i g .  4 .6  p r e s e n t s  t h e  p l o t  o f  lo a d  v e r s u s  c e n t r e  p o i n t  d e f l e c ­
t i o n  o f  t h e  s l a b  f o r  f o u r  d i f f e r e n t  mesh s i z e s .  The d i f f e r e n c e  be tw een  
t h e  c u r v e s  d e c r e a s e s  w i t h  d e c r e a s i n g  mesh s i z e ,  i n d i c a t i n g  t h e  c o n v e r ­
gence  o f  t h e  s o l u t i o n .
4
The u l t i m a t e  lo a d  o b t a i n e d  i n  t h i s  i n v e s t i g a t i o n  was q =  2 4 . 29M ^/a‘
2
f o r  a  mesh s i z e  o f  a / 1 6 ,  and  q =  24 .41  Mp/a f o r  a  mesh s i z e  o f  a / 1 2 .
The v a l u e s  o f  t h e  c o l l a p s e  lo a d  o b t a i n e d  by l i m i t  a n a l y s i s  a r e  g iv e n  i n  
T a b le  4 . 2 .  B ased  on J o h a n s e n ' s  y i e l d  c r i t e r i o n ,  t h e  u p p e r  and  low er
2bound s o l u t i o n s  c o i n c i d e  f o r  t h i s  c a s e  a n d  g iv e  a  v a l u e  o f  q =  2U.(M ^/a  .
Thus t h e  v a l u e  o f  u l t i m a t e  lo a d  o b t a i n e d  i n  t h e  p r e s e n t  m ethod was 1. 2<f0
h i g h e r  t h a n  t h e  e x a c t  v a l u e  w hich  may be a t t r i b u t e d  t o  t h e  f a c t  t h a t  t h e
p r e s e n t  m ethod i s  a  n u m e r i c a l  p r o c e d u r e .  I t  may be i n t e r e s t i n g  t o - n o t e
t h a t  i n  r e f e r e n c e  ( 3 3 ) ,  a  s i m i l a r  p ro b le m  i s  a t t e m p t e d  by f i n i t e  e le m e n t
m ethod u s in g  a  s q u a r e  y i e l d  c r i t e r i o n  a n d  t h e  s o l u t i o n  o b t a i n e d  f o r  a n
e le m e n t  s i z e  o f  a / 1 2  i s  q =  24 .51  M / a 2.
P
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T a b l e  4 . 1
Sim ply  s u p p o r te d  s q u a re  s l a b  u n d e r  u n i fo rm  lo a d
u =  0 . 3
C e n t r a l  D e f l e c t i o n Maximum M
X
Maximum Mxy
G rid  s i z e  a / 8 0 .00416 0 .0 4 8 5 0 .0 3 0 6
a / 1 2 0 .00411 0 .0 4 8 2 0 .0 3 1 5
a / 1 6 0 .0 0 4 0 8 0 .0 4 8 0 0 .0 3 1 9
E x a c t  S o l u t i o n ( 2 9 ) 0 .00406 0 .0 4 7 9 0 .0 3 2 5
m u l t i p l i e r s q a 4 A>
2qa 2qa
T a b le  4. 2
Simply Supported square slab under uniform load
. v a lu e s  o f  u l t i m a t e  lo ad
s o u rc e Wood (16) Hu and  £hull(34) Hodge (8)
i.................. ....
y i e l d  c r i t e r i o n J o h a n se n T re s c a Von m ises
Lower bound 24 .0 1 9 .8 20 .6
u p p e r  bound 24 .0 24 .0 25 .4
* 2 
m u l t i p l i e r  =  ^ p / a
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(b) S q u a re  s l a b  w i th  f i x e d  edges
The s o l u t i o n  f o r  an  i s o t r o p i c a l l y  r e i n f o r c e d  s q u a re  s l a b  w i th
f i x e d  e d g e s  and  s u b j e c t e d  t o  u n i fo rm  lo a d  was o b t a i n e d  u s i n g  a g r i d  s i z e
o f  a / 1 6  w here  ra r_ i s  t h e  s i d e  o f  t h e  s l a b .  The v a l u e s  o b t a i n e d  i n  t h e
f i r s t  s t a g e  e l a s t i c  s o l u t i o n  a r e  compared w i t h  e x a c t  v a l u e s  i n  T a b le  4 .3 .
H ere  t h e  e r r o r  i n  c e n t r a l  d e f l e c t i o n  was 4 .7 $  w h i l e  t h e  e r r o r s  i n  t h e
maximum p o s i t i v e  and  n e g a t i v e  moments w ere  1 .3 $  and  0 . 8 $  r e s p e c t i v e l y .
S i m i l a r  t o  t h e  s im p ly  s u p p o r t e d  c a s e  t h e  c o n v e rg e n c e  o f  t h e  e l a s t i c
s o l u t i o n  was v e r i f i e d  by c o n s i d e r i n g  th e  c o n v e rg e n c e  o f  d e f l e c t i o n s  and
moments o b t a i n e d  by u s i n g  d e c r e a s i n g  mesh s i z e .  T h i s  i s  shown i n  F i g .  4 .7 .
F i r s t  y i e l d i n g  o c c u r r e d  a t  t h e  m id d le  p o i n t s  o f  t h e  e d g e s  i n  n e g a t i v e
2
b e n d in g  a t  a  lo a d  v a lu e  o f  q =  1 9 .6 2  M^a . The n e g a t i v e  moment a t  t h e
ed g es  i s  in d e p e n d e n t  o f  t h e  v a l u e  o f  P o i s s o n ’ s r a t i o  s i n c e  t h e  c u r v a t u r e  
p a r a l l e l  t o  th e  edges  r e m a in s  z e r o .  T h e r e f o r e  t h e  f i r s t  y i e l d  lo a d  a l s o  
does  n o t  depend on P o i s s o n ' s  r a t i o  i n  t h i s  c a s e .  T h i s  v a lu e  o f  lo a d  i s  
o n ly  0 . 8 $  h i g h e r  t h a n  t h e  e x a c t  v a lu e  g iv e n  by Tim oshenko ( 2 9 ) .
F o r  f u r t h e r  s t a g e s  o f  lo a d in g  y i e l d i n g  p r o g r e s s e d  a l o n g  th e  f i x e d  
edges  i n  n e g a t i v e  b e n d in g .  A t  a  l a t e r  s t a g e  t h e  c e n t r e  p o i n t  o f  th e  
s l a b  y i e l d e d  i n  p o s i t i v e  b e n d in g  from  w here  y i e l d i n g  p r o g r e s s e d  o u tw a rd s  
a lo n g  th e  d i a g o n a l s ,  an d  t h e n  s p re a d  from  t h e  d i a g o n a l s .  The lo a d -  
d e f l e c t i o n  d iag ram  f o r  t h e  c o m p le te  e l a s t i c - p l a s t i c  s o l u t i o n  i s  shown 
i n  F i g .  4 . 8  and  t y p i c a l  moment and  d e f l e c t i o n  d iag ra m s  a r e  shown i n  
F ig .  4 .9 .  The c o n v e rg e n c e  o f  th e  s o l u t i o n  w i th  d e c r e a s i n g  mesh s i z e
i s  v e r i f i e d  from F ig .  4 .1 0  w here  l o a d - d e f l e c t i o n  d iag ra m s  f o r  d e c r e a s i n g
mesh s i z e s  a r e  shown. The v a lu e  o f  u l t i m a t e  lo a d  o b t a i n e d  was a=40.77M /a ^ .
P '
The u p p e r  and  low er bounds o b t a i n e d  by Koopman and Lance (35) a r e :
2 2 lower bound ( T re s c a )  =  3 8 .3  M /a  , u p p e r  bound ( T r e s c a )  =  4 1 .1  M / a  .
P '  V
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The s o l u t i o n  based  on t h e  y i e l d  l i n e  t h e o r y  (u p p e r  bound) y i e l d s  q = 4 8 .0  M^/a .
The v a lu e  o b t a i n e d  i n  r e f e r e n c e  (36)  u s in g  a s q u a r e  y i e l d  c r i t e r i o n  w i th
2
a mesh s i z e  o f  a / 1 0  i s  q =  4 1 .8 4  M^/a .
T a b le  4 .3
S q u a re  s l a b  w i t h  f i x e d  e d g e s  u n d e r  u n i fo rm  lo a d
v  =  0 . 3
C e n t r a l  d e f l e c t i o n +ve Mmax. -v e  Mmax.
G r id  s i z e  a / 8 0 .0 0 1 4 9 0 .0 2 4 5 - 0 .0 4 9 5
a / 1 2 0 .0 0 1 3 7 0 .0 2 3 7 - 0 .0 5 0 5
a /1 6 0 .0 0 1 3 2 0 .0 2 3 4 -0 .0 5 0 9
E x a c t  s o l u t i o n ( 2 9 ) 0 .0 0 1 2 6 0 .0 2 3 1 -0 .0 5 1 3
m u l t i p l i e r s q a 4 / )
2qa 2qa
(c) Rectangular Slabs
U sing  t h i s  m ethod a  r e c t a n g u l a r  s l a b  w i t h  s im p ly  s u p p o r t e d  o r  f i x e d  
e d g e s  and  w i th  a n y  g iv e n  v a lu e  o f  n o n - i s o t r o p y  i n d e x  may be a n a l y s e d  i n  
t h e  same manner a s  a  s q u a re  s l a b .  The o n ly  d i f f e r e n c e  w i l l  be  i n  t h e  
num bering  o f  g r i d  p o i n t s  s i n c e  i n  t h e  c a s e  o f  a  r e c t a n g u l a r  s l a b  one 
f o u r t h  o f  t h e  s l a b  w i l l  have  t o  be c o n s i d e r e d  w i th  two l i n e s  o f  symmetry 
b e in g  p r e s e n t > com pared  t o  one o c t a n t  o f  s l a b  w h ich  was c o n s i d e r e d  f o r  t h e  
s q u a re  s l a b .  The c a s e  c h o s e n  f o r  i l l u s t r a t i o n  i n  t h i s  s t u d y  was a 
r e c t a n g u l a r  s l a b  s im p ly  s u p p o r t e d  a l o n g  f o u r  s i d e s  w i th  a  l e n g t h  t o  
w id th  r a t i o  e q u a l  t o  1 .5 .  T h i s  c a s e  was a n a ly s e d  f o r  a  g r i d  s i z e  o f  
a / 1 2  where ' a '  i s  t h e  w id th  o f  t h e  r e c t a n g u l a r  s l a b .  The f i r s t  e l a s t i c
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s o l u t i o n  i s  com pared  w i t h  t h e  e x a c t  one i n  T a b le  4 . 4  w here  i t  i s  o b s e rv e d  
t h a t  t h e  e r r o r  i n  t h e  c e n t r a l  d e f l e c t i o n  i s  l e s s  t h a n  1 $  and  t h e  e r r o r  
i n  t h e  moments i s  a lm o s t  n e g l i g i b l e .
The c o m p le te  e l a s t i c - p l a s t i c  s o l u t i o n  was o b t a i n e d  f o r  f o u r  d i f f ­
e r e n t  v a lu e s  o f  n o n - i s o t r o p y  in d e x .  The r e s u l t s  a r e  shown i n  T a b le  4 . 5 ,  
w here  t h e s e  a r e  com pared w i th  o t h e r  known s o l u t i o n s .  T hese  f o u r  c a s e s  
h av e  been  s t u d i e d  e x p e r i m e n t a l l y  a s  w e l l  and  t h e  r e s u l t s  a r e  p r e s e n t e d  i n  
T a b le  5 .3 .  The t h e o r e t i c a l  l o a d - d e f l e c t i o n  c u r v e s  a r e  g iv e n  i n  F i g s . 5 . l 7 t o  
5 .2 0  and compared w i t h  t h e  e x p e r i m e n t a l  c u r v e s .  The v a l u e s  o f  moments 
d e v e lo p e d  a t  v a r i o u s  p o i n t s  o f  t h e  s l a b  a r e  shown i n  F i g s .  5 .2 1  and  5 .2 2 .
T a b le  4 .4
S im ply  s u p p o r t e d  r e c t a n g u l a r  s l a b  u n d e r  u n i fo rm  lo a d  
u = 0 .3 ,  “ = 1 * 5 ,  (0=1.0
c e n t r a l  d e f l e c t i o n max.MX max. My
G r id  s i z e  a / 1 2 0 .0 0 7 7 7 0 .0 8 1 2 0 .0 4 9 9
E x a c t  so lu t ion (29 ) 0 .0 0 7 7 2 0 .0 8 1 2 0 .0 4 9 8
m u l t i p l i e r s qa 4 /t)
2qa 2qa
4 .8  C o n c lu d in g  Remarks
A n u m e r ic a l  p r o c e d u r e  i s  p r e s e n t e d  i n  t h i s  c h a p t e r  f o r  t h e  co m p le te  
e l a s t i c - p l a s t i c  s o l u t i o n  o f  r e i n f o r c e d  c o n c r e t e  s l a b s .  The e n t i r e  lo a d  
d e f l e c t i o n  c h a r a c t e r i s t i c  i s  o b t a i n e d  a lo n g  w i th  t h e  u l t i m a t e  l o a d .  The 
m a g n i tu d e s  o f  moments a t  d i f f e r e n t  p o i n t s  o f  t h e  s l a b  a t  a n y  lo a d  l e v e l  
may a l s o  be co m p u ted ,  w hich  i s  a  v a l u a b l e  i n f o r m a t i o n  f o r  t h e  d i s t r i b u t i o n
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o f  r e i n f o r c e m e n t .  The method has  t h e  added  a d v a n ta g e  t h a t  p r o g r e s s i o n  
o f  y i e l d i n g  o f  p o i n t s  and  th u s  t h e  y i e l d  l i n e  p a t t e r n  i s  a l s o  o b t a i n e d ,  
w h ich  i n  th e  c a s e  o f  y i e l d  l i n e  t h e o r y  h a s  to  be assum ed . The e x p e r i m e n t a l  
v e r i f i c a t i o n  o f  t h e  m ethod i s  p r e s e n t e d  i n  t h e  n e x t  c h a p t e r .
T a b le  4 .5
S im ply  s u p p o r te d  r e c t a n g u l a r  s l a b ,  u n d e r  u n i fo rm  lo a d
V
v a l u e s  o f  u l t i m a t e  lo a d
y i e l d  l i n e  
t h e o r y (5)
low er  bound 
Wood (16 )
low er  bound 
Kemp(17)
p r e s e n t
m ethod
1 .0 16 .97 1 6 .8 9 16 .89 1 6 .8 7
0 .8 15 .73 1 5 .1 2 1 5 .6 2 1 5 .6 7
0 . 6 14 .38 1 3 .3 1 14. 24 14. 28
0 . 4 12 .98 1 1 .5 9 12 .81 1 2 .6 5
2
*  m u l t i p l i e r  =  M ^ / a
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CHAPTER 5 
E x p e r im e n ta l  I n v e s t i g a t i o n
5 .1  Scope o f  e x p e r i m e n t a l  programme
The e x p e r i m e n t a l  programme c o n s i s t e d  o f  32 t e s t s  on  r e i n f o r c e d  
c o n c r e t e  s l a b s  w i t h  d i f f e r e n t  l o a d i n g  a n d  b o u n d a ry  c o n d i t i o n s .  Seven  
t e s t ' s  w ere  a im ed a t  o b t a i n i n g  d i r e c t  o b s e r v a t i o n  on t h e  k i n k in g  o f  
r e i n f o r c in g  s t e e l  a c r o s s  t h e  c r a c k s ;  i t  s h o u ld  be m e n t io n e d  t h a t  a l l  t h e  
r e m a in in g  t e s t s  p r o v id e d  a n  i n d i r e c t  o b s e r v a t i o n  on t h i s  q u e s t i o n  a l s o .  
Twenty s i x  t e s t s  w ere  c a r r i e d  o u t  t o  v e r i f y  t h e  y i e l d  c r i t e r i o n  e s t a b l i s h e d  
i n  c h a p t e r  3 . The u l t i m a t e  lo a d  a n d  t h e  o r i e n t a t i o n  o f  y i e l d  l i n e s  
w ere  o b s e rv e d  and  com pared w i th  the  p r e d i c t e d  a n a l y t i c a l  r e s u l t s .  The 
r e m a in in g  s i x  t e s t s  w ere  p e rfo rm e d  t o  c o n f i r m  t h e  e l a s t i c - p l a s t i c  
s o l u t i o n ;  lo a d  v e r s u s  d e f l e c t i o n  b e h a v i o r ,  d i s t r i b u t i o n  o f  moments a t  
d i f f e r e n t  lo a d in g  s t a g e s  a n d  t h e  v a l u e s  o f  u l t i m a t e  lo a d  w ere  o b s e rv e d  
and  com pared w i th  t h e  a n a l y t i c a l  s o l u t i o n s .
5 . 2  M a t e r i a l s
(a )  Cement
High e a r l y  s t r e n g t h  P o r t l a n d  cem ent m a n u fa c tu re d  by Canada Cement 
Company was u s e d  i n  a l l  s p e c im e n s .  '
(b )  A g g r e g a te s
S in c e  t h e  c o v e r  t o  t h e  s t e e l  r e i n f o r c i n g  b a r s  was 3 /1 6  i n . , t h e  
maximum s i z e  o f  a g g r e g a t e  was r e s t r i c t e d  t o  1 /8  i n .  The com bined  a g g r e g a t e  
was p r e p a r e d  by m ix in g  85 $  c o a r s e  s a n d  and  15 $  f i n e  s a n d .  T h is  gave  
a  w e l l  g r a d e d  combined a g g r e g a t e  w i t h  a F i n e n e s s  m odulus e q u a l  t o  2 .7 5 .
( c )  R e in fo rc e m e n t
P l a i n  m i ld  s t e e l  b r i g h t  b a s i c  r o d s  o f  1 /8  i n .  and  3 /1 6  i n .
53
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d i a m e te r  w ere  u se d  a s  r e i n f o r c e m e n t .  When r e c e i v e d ,  t h e s e  r o d s  w ere  
r a t h e r  b r i t t l e  a n d  r e s e m b le d  t y p i c a l  c o ld  worked s t e e l .  T h e r e f o r e  i t  was 
d e c id e d  t o  a n n e a l  t h e s e  b a r s  so a s  t o  s i m u l a t e  t h e i r  b e h a v io r  w i t h  t h a t  
o f  a t y p i c a l  m i ld  s t e e l  u s e d  a s  r e i n f o r c e m e n t .  The a n n e a l i n g  was done 
i n  p i e c e s  o f  6 f t .  l e n g t h  i n  a n  i n d u s t r i a l  a i r  c i r c u l a t i o n  oven  a t  1200°F 
f o r  two h o u r s .  The a n n e a l i n g  p r o c e s s  s e rv e d  n o t  o n l y  t o  g i v e  t h e  c o r r e c t  
y i e l d  p o i n t  b u t  a l s o  p ro d u c e d  a  h o r i z o n t a l  p a r t  on s t r e s s - s t r a i n  d iag ra m . 
T y p i c a l  s t r e s s - s t r a i n  c u r v e s  f o r  a  3 /1 6  i n .  d i a m e te r  ro d  b e f o r e  and  
a f t e r  a n n e a l i n g  a r e  shown i n  F i g .  5 . 1 .
To im p ro v e  t h e  bond c h a r a c t e r i s t i c  o f  t h e s e  p l a i n  s t e e l  r o d s ,  
t h e y  w ere  p u t  i n  a  humid room a f t e r  a n n e a l i n g  f o r  one week t o  a c c e l e r a t e  
r u s t i n g .  A l l  l o o s e  r u s t  was rem oved b e f o r e  t h e y  w ere  u s e d .  A ls o  hooks 
w e re  made a t  b o th  ends  o f  e a ch  r e i n f o r c i n g  r o d .  R e s u l t s  o f  p u l l - o u t  
t e s t s  on a n n e a l e d  r o d s  w i t h  hooks  embedded i n  c o n c r e t e  a r e  shown i n  
F i g .  5 .2 .
5 . 3  C o n c r e te  mix
The c o n c r e t e  u s e d  i n  a l l  s p e c im en s  was a  s n a i l  a g g r e g a t e  mix 
h a v in g  a  c o m p r e s s iv e  s t r e n g t h  o f  a b o u t  4700 p s i .  W ater  cem ent r a t i o  
was 0 .6 5  and  t h e  a g g r e g a t e  coment r a t i o  was 4 . 5 ,  b o th  by w e ig h t .  T hese  
r a t i o s  w ere  m a i n t a i n e d  c o n s t a n t  f o r  a l l  b a t c h e s .  M ixing  was done i n  one 
c u b ic  f o o t  c a p a c i t y  m ix e r  o f  t i l t i n g  drum ty p e  and  o n ly  one batch o f  
c o n c r e t e  was r e q u i r e d  f o r  e a ch  sp e c im en .
5 . 4  D e s c r i p t i o n  o f  sp e c im en s
A t o t a l  o f  32 sp e c im e n s  w e re  t e s t e d  i n  a d d i t i o n  t o  t h e  f o u r  i n i t i a l  
p i l o t  t e s t s .  A l l  sp ec im en s  w ere  1 .5  i n .  t h i c k  an d  i n  each  c a s e  t h e  f i r s t  
l a y e r  o f  s t e e l  was p la c e d  a t  3 /1 6  i n .  c l e a r  c o v e r ,  and  t h e  se c o n d  l a y e r ,
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
55
o r t h o g o n a l  t o  t h e  f i r s t ,  was p la c e d  j u s t  o v e r  t h e  f i r s t  l a y e r .  P r i n c i p a l  
v a r i a b l e s  were t h e  n o n - i s o t r o p y  i n d e x ,  | i ,  t h e  i n c l i n a t i o n  o f  t h e  f i r s t  
l a y e r  o f  s t e e l  w i th  t h e  a p p l i e d  p r i n c i p a l  moment d i r e c t i o n ,  a n g l e  § , 
and  t h e  ty p e  o f  a p p l i e d  moments. P r o p e r t i e s  o f  t h e s e  sp ec im en s  a r e  g iv e n  
i n  t a b l e s  5 . 2  and  5 .3 .  T h e se  c a n  be c l a s s i f i e d  b r o a d l y  i n t o  f i v e  s e r i e s  
a s  f o l l o w s :
(1 )  S e r i e s  A : -  T h e re  w ere  f o u r  sp ec im en s  i n  t h i s  s e r i e s .  A l l  w ere  
i s o t r o p i c a l l y  r e i n f o r c e d  w i th  t h e  f i r s t  l a y e r  o f  s t e e l  m ak ing  a n g l e s  
o f  0 ° ,  1 5 ° ,  30° and 45° r e s p e c t i v e l y  w i t h  t h e  d i r e c t i o n  o f  a p p l i e d  
u n i a x i a l  moment, and  t h e  second  l a y e r  o f  s t e e l  was o r t h o g o n a l  to  
t h e  f i r s t  o n e .  These  sp ec im ens  w ere  34 i n .  x  18 i n .  i n  p l a n  and  
w ere  s u b j e c t e d  t o  u n i a x i a l  moment a s  shown i n  F i g .  5 . 3 .
(2 )  S e r i e s  B : -  The d im e n s io n s  o f  a l l  t h e  e i g h t  specim ens o f  t h i s  s e r i e s  
w ere  i d e n t i c a l  t o  t h o s e  o f  s e r i e s  A. T h e se  specim ens  w ere  a l s o  
s u b j e c t e d  t o  t h e  u n i a x i a l  moment b u t  a l l  spec im ens  i n  t h i s  s e r i e s  
w ere  n o n - i s o t r o p i c a l l y  r e i n f o r c e d .  The v a r i a b l e s  w ere  t h e  v a lu e  o f  
]X an d  t h e  i n c l i n a t i o n  o f  f i r s t  l a y e r  o f  s t e e l  w i th  t h e  d i r e c t i o n  o f  
a p p l i e d  u n i a x i a l  moment, a n g le  $.
(3 )  S e r i e s  C : -  A l l  e i g h t  sp e c im en s  o f  t h i s  s e r i e s  were s q u a re  i n  p l a n  
w i t h  o v e r a l l  d im e n s io n s  24 i n .  x 24 i n .  a s  i n d i c a t e d  i n  F i g .  5 .4 .  
T h e s e  spec im ens  w ere  s u b j e c t e d  t o  pure , t o r s i o n a l  moments a n d  th e  
v a r i a b l e s  w ere p. and  a n g l e  §. A l l  sp e c im en s  o f  t h i s  s e r i e s  w ere 
d o u b ly  r e i n f o r c e d  w i th  i d e n t i c a l  s t e e l  a t  t o p  and  b o t to m .
(4 )  S e r i e s  D : -  A l l  s i x  sp e c im en s  o f  t h i s  s e r i e s  were rh o m b o id a l  i n  p l a n  
w i t h  t h e  r a t i o  o f  s m a l l e r  d i a g o n a l  t o  t h e  b i g g e r  one being 3 :4 .
T h i s  r a t i o  was a r b i t r a r i l y  c h o s e n  so t h a t  t h e  r a t i o  o f  t h e  a p p l i e d
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M2
p r i n c i p a l  moments i n  t h e  t e s t  a r e a  w i l l  f a l l  i n  t h e  r a n g e  ~1<7~ <  0 ,
1
t h e r e b y  p ro d u c in g  a c o m b in a t io n  o f  b e n d in g  and t w i s t i n g  moments.
W ith  t h e  d im e n s io n s  o f  t h e  spec im en  shown i n  F i g .  5 . 5 ,  t h e  r a t i o  
M2o f  moments was r r -  =  - 0 .5 6 2 6 .  A l l  spec im ens  o f  t h i s  s e r i e s  w ere 
M1
a l s o  d o u b ly  r e i n f o r c e d  w i t h  i d e n t i c a l  s t e e l  a t  to p  and  b o t to m  and  
t h e  v a r i a b l e s  w ere  |i and  a n g l e  §.
( 5 ) S e r i e s  E ; -  A l l  s i x  spec im ens  i n  t h i s  s e r i e s  w ere  r e c t a n g u l a r  i n
p l a n  w i th  o v e r a l l  d im e n s io n s  AO i n .  x  28 i n .  These  sp e c im en s  were 
r e i n f o r c e d  on t h e  bo ttom  t e n s i o n  f a c e  o n ly  and  were t e s t e d  s im p ly  
s u p p o r te d  on a l l  edges  w i t h  u n i f o r m ly  d i s t r i b u t e d  lo a d  a p p l i e d  on 
t o p .  The v a r i a b l e s  were and  a n g le  $. T h is  s e r i e s  was p la n n e d  
m a in ly  to  v e r i f y  t h e  r e s u l t s  o f  t h e  e l a s t i c - p l a s t i c  s o l u t i o n .
5 .5  C a s t in g  and  c u r i n g
A l l  c o n c r e t e  was mixed i n  a  t i l t i n g  drum ty p e  m ix e r  o f  one  c u b ic  
f o o t  c a p a c i t y  a n d  o n l y  one b a tc h  o f  c o n c r e t e  was needed  f o r  e a ch  spec im en . 
A l l  sp ec im en s  w ere  c a s t  i n  fo rm s made o f  plywood. The b o t to m  s u r f a c e  
o f  t h e  fo rm  was c o v e re d  w i th  a  t h i n  m e ta l  s h e e t .  The s i d e s  w ere  r e p l a c e d  
by  new o n e s  a s  soon a s  t h e y  a p p e a re d  t o  be  w orn.
The r e i n f o r c e m e n t  was p l a c e d  i n  t h e  form s a f t e r  b e in g  in s t r u m e n te d  
w i th  e l e c t r i c  s t r a i n  g a g e s .  The b o t to m  l a y e r  which i s  c a l l e d  t h e  f i r s t  
l a y e r  was s u p p o r te d  by  s m a l l  p i e c e s  o f  cem ent m o r ta r  o f  3 /1 6  i n .  t h i c k n e s s  
w hich  w ere s p e c i a l l y  made f o r  t h i s  p u rp o s e .  The second  l a y e r  o f  s t e e l  
was s u p p o r te d  d i r e c t l y  o v e r  t h e  f i r s t  l a y e r .  I n  spec im ens  o f  s e r i e s  C 
a n d  D which w ere  d o u b ly  r e i n f o r c e d  w i th  i d e n t i c a l  r e i n f o r c e m e n t  on t o p ,  
s t e e l  b a r s  f o r  t h e s e  t o p  l a y e r s ,  c a l l e d  t h i r d  and f o u r t h  l a y e r s ,  w ere  
p l a c e d  on c h a i r s  w hich  a l s o  p r o v id e d  a c l e a r  c o v e r  o f  3 /16  i n .  from  
t h e  t o p .  A l l  r e i n f o r c i n g  b a r s  w ere  hooked a t  b o th  e n d s .
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To d e te r m in e  t h e  c o m p re s s iv e  s t r e n g t h  o f  c o n c r e t e ,  t h r e e  3 i n .  x 
6 i n .  c y l i n d e r s  w ere  c a s t  w i th  e a ch  sp e c im e n .  I n  a d d i t i o n  c o n t r o l  s t r i p s  
w ere  a l s o  c a s t  w i t h  some o f  t h e  s p e c im e n s .  A l l  c o n t r o l  s t r i p s  w ere  24 i n .  
lo n g  and  1 .5  i n .  t h i c k ,  w h i le  t h e  w id th  was v a r i e d  a s  w hole  m u l t i p l e  o f
b a r  s p a c in g s  and  r a n g e d  from  6 .6  i n .  t o  9 . 0  i n .  One c o n t r o l  s t r i p  was
made f o r  e v e ry  s p a c in g  and  e f f e c t i v e  d e p th  o f  s t e e l  i n  t h e  t e s t  s p e c im e n s .  
Thus 16 c o n t r o l  s t r i p s  r e p ro d u c e d  t h e  16 d i f f e r e n t  c o m b in a t io n s  o f  b a r  
s p a c i n g s  and e f f e c t i v e  d e p th  w hich  o c c u r r e d  i n  t h e  t e s t  s p e c im e n s .
M odulus o f  r u p t u r e  spec im ens  w ere 1 i n .  x 1 i n .  i n  c r o s s  s e c t i o n  an d
6 i n .  lo n g .  T h e se  w ere  c a s t  i n  m e t a l  fo rm s .
A l l  c o n c r e t e  i n  t h e  t e s t  sp e c im e n s  a n d  i n  t h e  c o n t r o l  spec im ens  
was v i b r a t e d  on  a  h i g h  f re q u e n c y  v i b r a t i o n  t a b l e .  The t o p  s u r f a c e  o f  
t h e  spec im ens  was t r o w e l e d  sm ooth . The t e s t  a n d  c o n t r o l  sp e c im en s  w ere
c u re d  i n  w a te r  f o r  t h r e e  days  and  t h e n  w ere  a l l o w e d  t o  d r y  f o r  a t  l e a s t  
two days b e f o r e  i n s t r u m e n t i n g  t h e  t e s t  s p e c im e n s .  C o n t r o l  c y l i n d e r s  
w ere  capped  b e f o r e  t e s t i n g .
5 .6  I n s t r u m e n t a t i o n
( a ) E l e c t r i c  s t r a i n  gages  on r e i n f o r c e m e n t
One r e i n f o r c i n g  b a r  i n  each  l a y e r  o f  r e i n f o r c e m e n t  was i n s t r u m e n te d  
w i t h  e l e c t r i c  s t r a i n  gages  p la c e d  a p p r o x i m a t e ly  i n  t h e  m id d le  o f  t h e  t e s t  
a r e a .  One r e i n f o r c i n g  b a r  i n  e ach  c o n t r o l  s t r i p  was a l s o  s i m i l a r l y  
i n s t r u m e n te d .  The gages  u se d  w ere  BEAN m e ta l  f o i l  g a g e s  o f  t y p e  
BAE-06-125BB-120. T h i s  had a  n o m in a l  gage  l e n g t h  o f  0 .1 2 5  i n .  and  a 
g r i d  w id th  o f  0 .0 6  i n .
The s u r f a c e  o f  t h e  r e i n f o r c i n g  b a r  was p r e p a r e d  by  c l e a n i n g  i t  
u s i n g  f i n e  s i l i c o n  c a r b i d e  p a p e r  an d  a c e t o n e .  The gage  was mounted
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u s i n g  E as tm an  910 cem ent a s  t h e  b o n d in g  a g e n t  a p p l i e d  a c c o r d i n g  t o  t h e  
m a n u f a c t u r e r ' s  r e c o m m e n d a tio n s .  The l e a d  w i r e s  w ere t h e n  s o l d e r e d  t o  t h e  
gage  and  i t  was w a t e r - p r o o f e d  w i t h  a p l a s t i c i s e d  epoxy r e s i n  sy s te m  
’B ean G agekot No. 7 ’ . A f t e r  c u r i n g  f o r  24 h o u r s  a t  room t e m p e r a t u r e  a  
l a y e r  o f  wax was a p p l i e d  on  t h e  g ag e  a n d  l e a d  w i r e s  f o r  f u r t h u r  p r o t e c t i o n  
f rom  t h e  c o n c r e t e .
S t e e l  r e i n f o r c e m e n t  f o r  s p e c im e n s  E2 and  E6 was i n s t r u m e n t e d  a t  
a  number o f  s e l e c t e d  p o i n t s  a n d  t h e  l o c a t n n s  o f  g ag es  a r e  i n d i c a t e d  i n  
F i g s .  5 .6  and  5 .7 .
( b ) E l e c t r i c  s t r a i n  g ag es  on c o n c r e t e
The c o n c r e t e  s t r a i n s  w e re  m e a s u re d  on t h e  t o p  f a c e  o f  t h e  sp e c im en s  
o f  s e r i e s  A t o  D. BEAN ty p e  BAE-250 RA, 45° r o s e t t e  e l e c t r i c  s t r a i n  
g a g e s  w ere  u s e d .  Each o f  t h e  t h r e e  e le m e n ts  o f  t h e  r o s e t t e  gage  had  a 
n o m in a l  gage  l e n g t h  o f  0 .2 5  i n .  E ach  spec im en  was i n s t r u m e n te d  a t  t h e  
m id d le  p o i n t  o f  t h e  t e s t  a r e a .
The c o n c r e t e  s u r f a c e  a t  t h e  l o c a t i o n  o f  gage  was sm oothed  u s in g  
f i n e  sand  p a p e r ,  a l l  d u s t  was rem oved u s in g  c o m pressed  a i r  a n d  t h e n  t h e  
s u r f a c e  was c l e a n e d  w i th  a c e t o n e .  S u r f a c e  c a v i t i e s  w ere  t h e n  f i l l e d  by  
a p p l y i n g  a n  epoxy  r e s i n  cem ent a t  t h e  gage  l o c a t i o n .  A f t e r  t h e  s u r f a c e  
was d r y ,  i t  was a g a i n  sm oothed w i t h  f i n e  s i l i c o n  c a r b i d e  p a p e r  and  t h e  
gage  was a p p l i e d  u s in g  E as tm an  910 c e m e n t . . The l e a d  w i r e s  w ere  s o l d e r e d
a n d  t h e  gage  was m o i s t u r e - p r o o f e d  u s i n g  BEAN G agekot No. 3.
I n  t h e  e a r l y  s t a g e s  o f  t h e  e x p e r im e n t s  some g ag es  w ere  m ounted 
u s i n g  RTC Epoxy r e s i n  (BEAN) a n d  t h e n  c u r i n g  i t  f o r  24 h o u r s  a t  room 
t e m p e r a t u r e .  O th e r  g ag es  w ere  m ounted  u s in g  E astm an  910 c e m e n t ;  no 
d i f f e r e n c e  was n o te d  i n  t h e  p e r f o r m a n c e  o f  t h e  g a g e s  w i t h  e i t h e r  o f
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t h e  two c e m e n t in g  a g e n t s .
( c )  M ech a n ica l  d i a l  gages
The d e f l e c t i o n s  w ere  m ea su red  u s in g  m e c h a n ic a l  d i a l  gages  w i t h  a 
s e n s i t i v i t y  o f  0 .0 0 1  i n .  The l o c a t i o n s  o f  t h e  d i a l  g a g e s  a r e  shown i n  
f i g s .  5 .3  t o  5 . 5 ,  and  a r e  s e e n  i n  p o s i t i o n  i n  F i g s .  5 .8  and 5 .9 .  The 
m a j o r i t y  o f  t h e  g ag es  w ere  p l a c e d  on  t h e  to p  s u r f a c e  o f  th e  spec im ens  b u t  
some w ere  p l a c e d  on t h e  b o t to m  s u r f a c e  d ep e n d in g  on t h e  e a se  o f  h a n d l i n g .  
I n  s e r i e s  E a l l  g ag es  w ere  p l a c e d  on  t h e  b o t to m  s u r f a c e .  I n  s e r i e s  C 
and  D , a d i a l  gage  c o u ld  n o t  be p l a c e d  a t  th e  c e n t r e  p o i n t  a n d  so t h e  
d e f l e c t i o n  o f  t h i s  p o i n t  was o b t a i n e d  by means o f  a n o t h e r  d i a l  gage 
em ploy ing  a l e v e r  sy s te m .
5 .7  E x p e r im e n ta l  s e t u p  an d  t e s t  p r o c e d u r e
Specim ens o f  s e r i e s  A and  B w ere  s u p p o r te d  on 1 i n . d ia m e te r  
r o l l e r s  p la c e d  a t  30 i n .  a p a r t .  L in e  lo a d s  w ere  a p p l i e d  a t  6 i n .  from
each  s u p p o r t  l i n e  th ro u g h  s i m i l a r  r o l l e r s  so  a s  t o  g iv e  a  c e n t r a l  18 i n .  
l e n g t h  o f  spec im en  u n d e r  c o n s t a n t  u n i a x i a l  moment. A sponge r u b b e r  o f  
1 /4  i n .  t h i c k n e s s  was u se d  be tw een  t h e  r o l l e r s  and  spec im ens  t o  o b t a i n  
•uniform d i s t r i b u t i o n  o f  lo a d .  A c e n t r a l  c o n c e n t r a t e d  lo a d  was t r a n s ­
f e r r e d  to  two u n i fo r m  l i n e  lo a d s  t h r o u g h  a  sy s tem  o f  d i s t r i b u t i o n  beams. 
Two low er  beams o f  t h i s  d i s t r i b u t i o n  sy s te m  w ere  i n s t r u m e n te d  w i th  
e l e c t r i c  s t r a i n  g a g e s  so a s  t o  c h e c k  a t  e v e ry  s t a g e  o f  lo a d in g  tha: 
lo a d  i s  u n i f o r m ly  d i s t r i b u t e d  a lo n g  t h e  18 in. l e n g t h  o f  r o l l e r s .  T h is  
s e tu p  i s  shown i n  F i g .  5 .8 .
Specim ens o f  s e r i e s  C and D w ere  s u p p o r te d  a t  two d i a g o n a l l y  
o p p o s i t e  c o r n e r s  w i t h  downward c o n c e n t r a t e d  l o a d s  a p p l i e d  a t  t h e  o t h e r  
two c o r n e r s .  E ach  c o n c e n t r a t e d  l o a d  was a p p l i e d  a s  u n i fo r m ly  d i s t r i b u t e d
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on a  c i r c u l a r  a r e a  o f  1 .75  i n .  d i a m e t e r ,  an d  was t r a n s f e r r e d  t o  t h e  
c o n c r e t e  th ro u g h  a 1 / 4  i n .  sponge r u b b e r  t o  e n s u r e  u n ifo rm  d i s t r i b u t i o n .
A c e n t r a l  c o n c e n t r a t e d  lo a d  was t r a n s f e r r e d  t o  two e q u a l  c o n c e n t r a t e d  
l o a d s  a s  t h e  r e a c t i o n s  o f  a s im p ly  s u p p o r te d  beam. To m in im ize  on  t h e  
e f f e c t s  o f  t h e  membrane f o r c e s  f r e e  l a t e r a l  movement o f  c o r n e r s  o f  s l a b  
i n  t h e  d i r e c t i o n  o f  d i a g o n a l s  was accommodated by i n s e r t i n g  1 / 2  i n .
d i a m e te r  s t e e l  r o l l e r s .  T h is  s e t u p  i s  shown i n  F i g .  5 .9 .
One sp ec im en  from  each  o f  s e r i e s  C an d  D was t e s t e d  w i th  e l e c t r i c
s t r a i n  gages  a t t a c h e d  t o  each  r e i n f o r c i n g  b a r  a t  t h e  m id d le  o f  t h e  t e s t
a r e a .  The s t r a i n s  so m easu red  w ere  i n t e r p r e t e d  i n  te rm s  o f  d e v e lo p e d  
moments by t h e  p ro c e d u re  e x p la i n e d  i n  A ppend ix  ' D T. T h i s  was p e r fo rm e d  
t o  v e r i f y  w h e th e r  t h e  d i s t r i b u t i o n  o f  moments i n  t h e  t e s t  a r e a  i s  a s  
i n t e n d e d .  F i g s .  5 .1 0  and 5 .1 1  show t h e  v a r i a t i o n  o f  the d e v e lo p e d  moments 
a t  v a r i o u s  s t a g e s  o f  lo a d in g .  Near t h e  u l t i m a t e  s t a g e  t h e  v a r i a t i o n  
o f  moments i s  q u i t e  u n i fo rm  a s  s e e n  i n  t h e s e  f i g u r e s .  At t h e  i n i t i a l  
s t a g e s  o f  l o a d i n g ,  how ever, t h e  d i s t r i b u t i o n  i s  n o t  e x a c t l y  u n i f o r m  b u t  
t h e  d i f f e r e n c e  i s  w e l l  be low  5
I n  e a ch  c a s e  t h e  c e n t r a l  c o n c e n t r a t e d  downward lo ad  was a p p l i e d  
by  means o f  a  m e c h a n ic a l  l o a d i n g  fram e  a v a i l a b l e  i n  t h e  s t r u c t u r a l  
l a b o r a t o r y  a s  shown i n - F i g s .  5 .8  a n d  5 .9 .  T h i s  had  t h e  added  a d v a n ta g e  
t h a t  t h e r e  was no l o s s  o f  p r e s s u r e  d u r in g  t h e  t im e  o f  r e c o r d i n g .  The 
to p  member o f  t h i s  fram e was o f  s o l i d  3 i n .  x  6 i n .  s t e e l  s e c t i o n  t h a t  
h o u se d  a  2 in .  d ia m e te r  lo a d in g  sc re w  i n  a t h r e a d e d  h o l e  a t  the  c e n t r e .
A lo a d  c e l l  ( t y p e  s t r a i n s e r t ,  f l a t  u n i v e r s a l )  was a t t a c h e d  a t  t h e  low er 
end o f  t h e  lo a d in g  sc rew  t h a t  a c t s  th ro u g h  t h e  t h r e a d e d  h o le  i n  t h e  to p  
member. The c o m pressed  lo ad  c e l l  w hich  was c a l i b r a t e d  b e f o r e  h a n d ,
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was c o u p le d  w i th  t h e  p o r t a b l e  s t r a i n  i n d i c a t o r  (Budd m odel P -350 )  which 
i n d i c a t e d  th e  s t r a i n  i n  t h e  lo a d  c e l l .
D u r in g  t h e  t e s t s  s t r a i n s  were m ea su red  by means o f  two s w i tc h  
an d  b a la n c e  u n i t s  (model C10LC, Budd I n s t r u m e n t s  D i v i s i o n ) ,  a  d i g i t a l  
s t r a i n  i n d i c a t o r  an d  a n  a u to m a t i c  p r i n t - o u t  u n i t  a s  shown i n  F i g .  5 .1 2 .
Specim ens o f  s e r i e s  E were s u b j e c t e d  t o  u n i fo rm  lo a d  w hich  was 
a p p l i e d  by pumping co m p re sse d  a i r  i n t o  a  r u b b e r  membrane f o r  w hich  a  
s p e c i a l  s e tu p  was d e s ig n e d  an d  f a b r i c a t e d .  The r u b b e r  membrane was i n  
c o n t a c t  w i th  t h e  t o p  s u r f a c e  o f  t h e  sp e c im e n  a p p ly i n g  a  downward p r e s s u r e  
on i t .  C are  was t a k e n  to  i n s u r e  t h a t  t h e  membrane to u c h e d  t h e  spec im en  
o v e r  t h e  e n t i r e  a r e a  i n t e n d e d  t o  be l o a d e d ,  a n d  t h a t  t h e  c o n d i t i o n s  a t  
t h e  e dges  o f  t h e  sp ec im en  re m a in e d  s im p ly  s u p p o r t e d .  P r e s s u r e  o f  t h e  
co m p re sse d  a i r  i n  t h e  membrane was m ea su red  by  means o f  a  t e s t  gage and  
a l s o  a  m e rc u ry  f i l l e d  U - tu b e  m anom eter .  F i g .  5 .1 3  shows t h i s  t e s t  s e tu p  
w i th  t h e  specim en  u n l o a d e d ,  and  t h e  d e t a i l s  o f  t h e  a r r a n g e m e n t  a r e  
shown i n  F i g .  5 .1 4 .
A l l  c o n t r o l  s t r i p s  w ere  t e s t e d  i n  one way b e n d in g  a t  20 i n .  sp a n  
w i th  l i n e  lo a d s  a p p l i e d  a t  6 i n .  from  e a c h  s u p p o r t .  Modulus o f  r u p t u r e  
sp e c im en s  w ere  t e s t e d  i n  f l e x u r a l  b e n d in g  a t  a n  e f f e c t i v e  s p a n  o f  5 i n .  
u n d e r  a c e n t r a l  c o n c e n t r a t e d  lo a d .
5 .8  E x p e r im e n ta l  r e s u l t s
E x p e r im e n ta l  r e s u l t s  o f  a l l  c o n t r o l  and  t e s t  sp e c im e n s  a r e  p r e s e n t e d  
i n  T a b le s  5 .1  t o  5 . 3  and  i n  F i g s .  5 .1 5  t o  5 . 2 2 ,  w here t h e s e  r e s u l t s  a r e  
a l s o  com pared  w i th  t h e  t h e o r e t i c a l  r e s u l t s .  Y ie ld  l i n e  p a t t e r n s  o f  
some t y p i c a l  c a s e s  a r e  shown i n  F i g .  5 .2 3 .
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T h ese  r e s u l t s  a n d  t h e i r  c o m p a r iso n  w i t h  t h e  t h e o r e t i c a l  v a lu e s  
a r e  d i s c u s s e d  i n  c h a p t e r  6.












TABLE 5 . 1
PROPERTIES AND TEST RESULTS OF CONTROL STRIPS
Mark
t e s t e d  
w i th  s l a b  
mark
. la y e r
e f f e c t i v e




f c '  
p . s . i .
D ia .  o f  
b a r s  
i n .
No. o f  
b a r s
s p a c in g  
o f  b a rk  
in.
computed 
u l t i m a t e  lo a d  
lb .
t e s t  u l t i ­
m ate  lo a d
l b .
P u ( t e s t )  
P u ( c a l c . )
CS1 A4 1 1 . 2 2 0 7 .7 1 4535 0 .1875 3 2 .57 1007 1 0 0 2 0 .9 9 6
CS2 A4 2 1 .030 8 .6 0 4535 0 .1 8 7 5 4 2 .15 1115 1106 0 .9 9 2
CS3 B2 2 1.025 8 .2 5 4580 0 .1 8 7 5 3 2.75 842 849 1 .0 0 8
CS4 B7 2 1.065 9 .0 0 4740 0 .1250 4 2. 25 586 . 617 1 .053
CS5 B8 1 1.215 8 . 0 0 4760 0 .1875 4 2 . 0 0 1336 1362 1 . 0 2 0
CS6 B8 2 1 .060 7 .50 4760 0 .1 2 5 0 3 2.50 435 463 1 .0 6 4
CS7 Cl 1 1 .218 9 .0 0 4540 0 .1875 4 2. 25 1471 1543 1.049
CS8 Cl 2 1 .030 9 .0 0 4540 0 .1 8 7 5 4 2. 25 1492 1594 1 .068
CS9 C3 2 1 .060 8 . 0 0 4700 0 .1 2 5 0 5 1 .60 983 951 0 .9 6 8
CS10 C4 2 1 .065 7.50 4650 0 .1250 3 2.50 600 617 1 .028
CS11 C7 1 1 . 2 2 0 7.50 4560 0 .1875 4 1 .875 1417 1517 1.071
CS12 C8 2 1 .060 7 .0 0 4710 0 .1 2 5 0 2 3 .5 0 400 437 1.093
CS13 E l 2 1 .033 8 .2 5 4230 0 .1 8 7 5 5 1 .6 5 1374 1338 0 .9 7 3
CS14 E 2 2 1 .060 6 .6 0 4370 0 .1250 6 1 . 1 0 872 898 1 .0 3 2
CS15 E5 / 2 1 .060 7 .50 4390 0 .1 2 5 0 5 1 .50 730 771 1 .057
CS16 E6 2 1 .060 9 .0 0 4250 0 .1250 4 2 . 25 585 617 1.055
GS7 t o  CS12 ( b o th  i n c l u s i v e )  w ere dou b ly  r e i n f o r c e d  w i th  i d e n t i c a l  s t e e l  a t  t o p  and b o t to m ;  o t h e r s  were 












TAB&E 5 . 2
PROPERTIES AND TEST RESUITS OF SPECIMENS
Mark
T o t a l
t h i c k ­












o r i e n t a t i o n  o f  
y i e l d  l i n e

















l b s .
m easured
l b s .
A1 1 .5 4580 0 .1875 2.57 0 .1875 2.15 0 0 .995 0 0 0 2279 23 40 1 .027
.'A 2 1 .5 -4830 0 .1875 2 .57 0 .1875 2.15 15 .0 0 .9 9 5 0 0 0 2282 2340 1 .025
A3 1 .5 4430 0 .1875 2 . 5 7 0 .1875 2.15 30 .0 0 .9 9 4 0 0 0 2272 2366 1 .041
A4 1.5 4535 0 .1875 2 .57 0 .1875 2 .15 4 5 .0 0 .9 9 5 0 0 0 2271 2366 1 .0 4 2
B1 1 .5 4560 0 .1875 2 .57 0 .1875 2.75 22.5 0 .7 9 0 5 .2 3 .0 2187 2160 0 .9 8 8
B2 1 .5 4580 0 .1875 2 .57 0 .1875 2 .75 -45.0 0 .7 9 0 - 6 . 8 - 3 .0 1991 2o57 1 .033
B3 1 .5 4650 0 .1875 2.57 0 .1 2 5 0 2.25 -22.5 0 .5 1 0 -1 6 .5 - 1 3 .0 1983 1928 0 .9 7 2
B4 1 .5 4550 0 .1875 2 .57 0 .1250 2.25 22.5 0 .5 1 0 16 .5 1 6 .0 1982 2031 1 .025
B5 1 .5 4520 0 .1875 2.57 0 .1 2 5 0 2.25 45 .0 0 .5 1 0 17 .9 1 4 .0 1497 1517 1 .013
B6 1 .5 4620 0 .1875 2.57 0 .1250 2. 25 -67 .5 0 .5 1 0 -10.5 - 6 . 0 1194 1234 1 .0 3 4
B7 1 .5 4740 0 .1875 2.57 0 .1 2 5 0 2.25 9 0 .0 0 .5 1 0 0 0 1099 1157 1 .053














T o t a l
t h i c k ­
n e s s
i n .
p s i






o r i e n t a t i o n  o f  
y i e l d  l i n e

















l b s .
measured
l b s .
C l 1 .5 4540 0 .1875 2 .25 0 .1875 2. 25 0 1 . 0 0 - 0 .9 8 0 0 1961 2031 1 .036
C2 1 .5 4560 0 .1875 2 .25 0 .1 8 7 5 2.25 4 5 .0 1 . 0 0 -0 .9 8 0 - 2 , 0 1977 2031 1 .027
C3 1 .5 4700 0 .1875 2. 25 0 .1 2 5 0 1 .60 4 5 . 0 ' 0 .7 5 -0 .9 8 ;4. 1 6 . 0 1709 1774 1 .038
C4 1 .5 4650 0 .1875 2. 25 0 .1 2 5 0 2 .50 0 0 .5 0 -0 .9 6 0 0 1051 1106 1 .052
C5 1.5 4770 0 .1875 2. 25 0 .1 2 5 0 2.50 6 7 .5 0 .5 0 -0 .9 6 6 .9 5 .0  • 1073 1106 1 .030
C6 1 .5 4370 0 .1875 2. 25 0 .1 2 5 0 2 .50 4 5 .0 0 .5 1 - 0 .9 7 9 .7 7 .0 1369 1363 0 .9 9 5
C7 1 .5 4560 0 .1875 1 .875 0 .1 2 5 0 3 .5 0 45 .0 0 .3 2 -0 .9 7 1 5 .9 1 1 . 0 1257 1234 0 .9 8 2
C8 1 .5 4710 0 .1875 1 .875 0 .1 2 5 0 3 .5 0 0 0 .3 2 -0 .9 5 0 0 776 822 1 .060
D1 1.5 4780 0 .1875 2.25 0 .1875 2.25 0 1 . 0 0 - 0 .5 4 0 - 2 .5 1460 1491 1 . 0 2 1
D2 1.5 4830 0 .1875 2. 25 0 .1875 2. 25 4 5 .0 1 . 0 0 - 0 .5 4 O' 0 1471 1542 1 .049
D3 1 .5 4700 0 .1875 2. 25 0 .1 2 5 0 1 .6 0  . 45 .0 0 .7 5 - 0 .5 4 5 .3 8 . 0 1250 1337 1 .070
D4 1 .5 4665 0 .1875 2 .25 0 .1 2 5 0 2 .50 - 4 5 .0 0 .5 0 - 0 .5 3 - 1 2 . 6 - 1 2 . 0 ; 990 1028 1.039
D5 1 .5 4900 0 .1875 .1.875 0 .1 2 5 0 3 .5 0 22.5 0 .3 1 - 0 .5 4 - 8 . 6 - 5 .0 1239 1286 1 .038
D6 1 .5 4560 0 .1875 1 .875 0 .1 2 5 0 3 .5 0 4 5 .0 0 .32 -0 .5 3 2 0 . 0 1 6 .0 867 900 1 .038












• TABLE 5 .3
PROPERTIES AND TEST RESULTS OF SPECIMENS-SERIES E
Mark
T o t a l
t h i c k ­
n e s s
i n .
f c :psx





u l t i m a t e  lo ad P (meas. )D ia .
i n .




s p a c in g
i n . computed 
l b / s q .  f t
m easured  
l b / s q .  f t
Pu (c o m p .)
E l 1 .5 4230 0 .1875 2 .0 0 0 .1875 1 .65 0 1 .000 2140 2232 1 .0 4 2
E2 1 .5 4370 0 .1875 2 .0 0 0 .1250 1 .1 0 0 0 .8 0 1 1995 2085 1.045
E3 1 .5 4070 0 .1875 2 .0 0 0 .1875 1 .65 22.5 1 .000 2138 2232 1 .042
E4 1 .5 4450 0 .1875 2 .0 0 0 .1875 1 .65 45 .0 1 .000 2145 2232 1 .038
E5 1 .5 4390 0 .1875 2 .0 0 0 .1250 1 .5 0 0 0 .5 9 6 1810 1872 1.035
E6 1 .5 4250 0 .1875 2 .0 0 0 .1250 2. 25 0 0 .4 0 3 1610 1650 1 .025
CHAPTER 6 
D i s c u s s i o n  o f  R e s u l t s
6 .1  K in k in g  o f  r e i n f o r c e m e n t
I n  t h e  p r e s e n t  i n v e s t i g a t i o n  sp ec im ens  A1 t o  A 4, and E l ,  E3 and  
E4 gave d i r e c t  o b s e r v a t i o n  on t h e  q u e s t i o n  o f  k i n k in g  o f  r e i n f o r c e m e n t ,  
w h i l e  a l l  t h e  o t h e r  t e s t s  a l s o  p r o v id e d  i n d i r e c t  o b s e r v a t i o n  on t h i s  
phenomenon.
F i g .  5 .1 5  shows t h e  m o m e n t - d e f l e c t i o n  r e l a t i o n s h i p s  f o r  f o u r  
i s o t r o p i c a l l y  r e i n f o r c e d  sp e c im en s  A1 t o  A4. The m ain  r e i n f o r c e m e n t  
i n  spec im en  A1 was p a r a l l e l  w i t h  t h e  span  d i r e c t i o n  w h i l e  t h e  r e i n f o r c e ­
m en ts  i n  A 2 , A3 and  A4 w ere  i n c l i n e d  t o  t h e  sp a n  d i r e c t i o n  w ith  a n g l e s  9 
e q u a l  t o  1 5 ° ,  30° and  4 5 ° ,  r e s p e c t i v e l y .  The amount o f  r e i n f o r c e m e n t  
was t h e  same i n  each  c a s e .  From F i g .  5 . 1 5 ,  i t  s h o u ld  be o b s e rv e d  t h a t  
i f  an y  a p p r e c i a b l e  k i n k in g  o f  b a r s  had t a k e n  p l a c e ,  t h e  sp ec im en s  w i th  
t h e  l a r g e r  v a lu e s  o f  9 would  have  s u s t a i n e d  a h i g h e r  l o a d ,  b u t  a s  c a n  
b e  s e e n  t h e  v a lu e  o f  t h e  u l t i m a t e  moment i n  each  c a s e  i s  t h e  same.
The d i f f e r e n c e s  i n  t h e  i n i t i a l  s l o p e s  o f  t h e s e  c u r v e s  c a n  be e x p l a i n e d  
by  t h e  f a c t  t h a t  i f  t h e  s t e e l  i s  n o t  i n  l i n e  w i th  t h e  p r i n c i p a l  c u r v a ­
t u r e ,  a  g r e a t e r  r o t a t i o n  an d  hence  a g r e a t e r  d e f l e c t i o n  w i l l  r e s u l t  
b e f o r e  y i e l d i n g  o f  t h e  s t e e l .
S i m i l a r l y ,  F ig .  5 .1 6  shows t h e  l o a d - d e f l e c t i o n  r e l a t i o n s h i p s  f o r  
sp ec im en s  E l ,  E3 and E4. The r e i n f o r c e m e n t  i n  E l  was p a r a l l e l  t o  t h e  
ed g e s  w h i l e  t h e  r e i n f o r c e m e n t s  i n  E3 and  E4 made a n g l e s  2 2 .5 °  and 45° 
r e s p e c t i v e l y  w i th  th e  e d g e s .  A l l  t h r e e  sp ec im en s  w ere  i s o t r o p i c a l l y  
r e i n f o r c e d  w i th  i d e n t i c a l  am ounts  o f  s t e e l .  S in c e  a l l  t h r e e  s p e c im en s  
d e v e lo p e d  t h e  same r e s i s t i n g  moment, i t  may b e  c o n c lu d e d  t h a t  t h e r e  i s
67
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o
no e v id e n c e  o f  k i n k in g  o f  r e i n f o r c e m e n t .
The a n a l y t i c a l  v a l u e s  o f  u l t i m a t e  lo a d  f o r  a l l  t h e  32  sp e c im en s  
a r e  b a s e d  on t h e  a s s u m p t io n  o f  no k i n k i n g  o f  r e i n f o r c e m e n t ;  i t  c a n  be 
r e a d i l y  s e e n  from  T a b le s  5 . 2  a n d  5 .3  t h a t  t h e r e  i s  good a g re e m e n t  b e tw e en
t h e  a n a l y t i c a l  and  e x p e r i m e n t a l  -v a lu es  o f  u l t i m a t e  l o a d  a n  o b s e r v a t i o n
w hich  c o u ld  b e  c o n s id e r e d  a s  p r o o f  o f  t h e  v a l i d i t y  o f  t h e  ab o v e  a s s u m p t io n .  
Thus i t  may b e  s a i d  t h a t  t h e  m o d i f i e d  y i e l d  l i n e  t h e o r i e s  b a s e d  on t h e  
a s s u m p t io n  o f  k i n k in g  may be  i n a c c u r a t e  and  t h e  e x p l a n a t i o n  f o r  t h e  
a b s e n c e  o f  k i n k i n g  g iv e n  i n  s e c t i o n  3 .2  c o u ld  b e  c o n s i d e r e d  a s  v a l i d .
R e s u l t s  o f  t h e  p r e s e n t  i n v e s t i g a t i o n  w i t h  r e g a r d  t o  k i n k i n g  o f  
r e i n f o r c e m e n t  s u p p o r t  t h e  r e s u l t s  o f  t e s t s  c a r r i e d  o u t  by N i e l s e n  (24 )  
Lenschow and  Sozen  ( 2 3 ) ,  M o rley  (26 )  and  M u s p ra t t  ( 3 8 ) .  H ow ever, p r e s e n t  
r e s u l t s  a r e  opposed  t o  t h e  f i n d i n g s  o f  Baus an d  T o l a c c i a  ( 1 8 ) ,  a n d  
K w ie c in s k i  ( 1 9 , , 2 0 ) .  I n  t h e  t e s t  s e r i e s  o f  Baus and  T o l a c c i a ,  no 
sp e c im en  was t e s t e d  u n d e r  u n i a x i a l  moment, a  lo a d  c o n d i t i o n  w h ich  g i v e s  
d i r e c t  o b s e r v a t i o n  on t h e  k i n k i n g  o f  r e i n f o r c e m e n t s ,  w h i l e  i n  t h e  t e s t  
s e r i e s  o f  K w ie c in sk i  a  bond f a i l u r e  was e n c o u n te r e d  a t  t h e  e d g e s  an d  t o  
t a k e  i t s  a c c o u n t ,  t h e  c o n t r i b u t i o n  o f  some o f  t h e  b a r s  t o  u l t i m a t e  
moment was i g n o r e d  a r b i t r a r i l y ,  a s su m in g  t h a t  t h e s e  b a r s  w ou ld  h a v e  
s l i p p e d .  To a v o id  a n y  bond f a i l u r e s  i n  t h e  p r e s e n t  i n v e s t i g a t i o n  b o th  
e n d s  o f  t h e  s t e e l  b a r s  w e re  h o o k e d .  M orley  (39) h a s  p o i n t e d  o u t  t h a t  
i f  k i n k in g  a s  p ro p o se d  b y  K w ie c in s k i  does  t a k e  p l a c e ,  i t  s h o u ld  l e a v e  
n o t i c e a b l e  pe rm anen t  d e f o r m a t io n  o f  s t e e l .  T h i s  was c a r e f u l l y  n o t e d  i n  
t h e  p r e s e n t  i n v e s t i g a t i o n  a n d  no d e f o r m a t io n  o f  t h i s  t y p e  was n o t i c e d .
Wood i n  a  l a t e r  p a p e r  (40 )  h a s  a l s o  p ro p o se d  t o  i g n o r e  t h e  e f f e c t  o f  
k i n k i n g .
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6.2 Yield criterion
Twenty s i x  sp ec im en s  o f  s e r i e s  A , B , C an d  D w ere  p la n n e d  t o  
o b t a i n  d i r e c t  i n f o r m a t i o n  a b o u t  t h e  f o r m a t io n  o f  y i e l d  l i n e s .  Tw elve 
o f  t h e s e  sp ec im en s  w ere  s u b j e c t e d  t o  u n i a x i a l  moment, e i g h t  to  p u re  
t o r s i o n a l  moments an d  s i x  t o  a  c o m b in a t io n  o f  b e n d in g  and  t w i s t i n g  
moments. The p r i n c i p a l  v a r i a b l e s  w ere  t h e  n o n - i s o t r o p y  in d e x  an d  
i n c l i n a t i o n  o f  m ain  r e i n f o r c i n g  s t e e l  from  t h e  a p p l i e d  p r i n c i p a l  moment 
d i r e c t i o n .  The m anner i n  w hich  t h e s e  p a r a m e te r s  w ere  v a r i e d  i s  g i v e n  
i n  T a b le  5 . 2 .
I n  t h e  i n i t i a l  s t a g e s  o f  l o a d i n g  i n  a l l  sp e c im en s  r e g a r d l e s s  o f  
t h e i r  p r o p e r t i e s ,  t h e  c r a c k s  w ere  form ed p e r p e n d i c u l a r  t o  t h e  a p p l i e d  
p r i n c i p a l  moment d i r e c t i o n  a s  t h e  moment a p p ro a c h e d  t h e  c r a c k i n g  moment. 
However, f u r t h e r  dev e lo p m en t o f  c r a c k s  depended  on t h e  d i r e c t i o n  o f  
r e i n f o r c e m e n t  a n d  m anner o f  l o a d i n g .  The t h e o r e t i c a l  v a l u e  o f  a n g l e  ty, 
t h e  a n g l e  w h ich  t h e  n o rm al t o  t h e  y i e l d  l i n e  makes w i th  t h e  a p p l i e d  
p r i n c i p a l  moment d i r e c t i o n ,  f o r  each  c a s e  i s  c a l c u l a t e d  b a s e d  on  
e x p r e s s i o n  3 .2 2  an d  i s  com pared  w i t h  t h e  o b s e rv e d  v a lu e  i n  T a b le  5 . 2 .
I t  s h o u ld  be  n o t e d  t h a t  i n  r e a l i t y  t h e  y i e l d  l i n e  i s  n o t  a  s i n g l e  
s t r a i g h t  l i n e  whose i n c l i n a t i o n  may be  e a s i l y  m e a s u re d ;  r a t h e r ,  i t  i s  a  
y i e l d i n g  band  o f  c e r t a i n  w id th  made o f  a  number o f  c r a c k s  a l l  o f  w hich  
may n o t  be e x a c t l y  p a r a l l e l .  Thus some e r r o r  may h av e  b e e n  i n t r o d u c e d  
i n  e s t i m a t i n g  t h e  o b s e rv e d  v a l u e  o f  ty. E v e ry  e f f o r t  was made t o  
a s c e r t a i n  t h a t  t h e  m ea su red  v a lu e  c o r r e s p o n d s  t o  t h e  g e n e r a l  t r e n d  o f  
c r a c k s  i n  t h e  y i e l d i n g  b a n d .
The t h e o r e t i c a l  a n d  e x p e r i m e n t a l  v a l u e s  o f  t h e  u l t i m a t e ' l o a d  a r e  
com pared i n  T a b le  5 . 2 ,  t h e  t h e o r e t i c a l  v a l u e s  b e in g  c a l c u l a t e d  from
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e x p r e s s i o n  3 .2 7 .  The e x p e r i m e n t a l  v a l u e s  a r e  on a n  a v e ra g e  3$ h i g h e r  
t h a n  t h e  p r e d i c t e d  t h e o r e t i c a l  v a l u e s .  T h is  may be due t o  t h e  e f f e c t  
o f  s t r a i n  h a rd e n in g  i n  t h e  s t e e l  a n d / o r  due t o  t h e  assum ed p r o p e r t i e s  
o f  t h e  c o n c r e t e  c o m p re s s iv e  s t r e s s  b l o c k ,  and  i s  c o n s i s t e n t  w i t h  t h e  
o b s e r v a t i o n s  i n  r e g a r d  t o  t h e  c o n t r o l  s t r i p s  (T a b le  5 . l ) .
The g e n e r a l l y  good a g re e m e n t  be tw een  t h e  t h e o r e t i c a l  a id  t h e  
e x p e r i m e n t a l  v a lu e s  o f  u l t i m a t e  l o a d  an d  a n g le  i n  T a b le  5 . 2  c o n f i r m s  
t h e  v a l i d i t y  o f  t h e  y i e l d  c r i t e r i o n  o f  e x p r e s s i o n s  3 .2 2  and  3 .2 7  a s  
a p p l i e d  to  r e i n f o r c e d  c o n c r e t e  s l a b s .
6 . 3  E l a s t i c - P l a s t i c  S o l u t i o n
The t h e o r e t i c a l  r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  were com pared w i th  
t h e  o t h e r  known s o l u t i o n s  i n  s e c t i o n  4 .7  and  a good ag re e m e n t  was 
o b s e r v e d .  Specim ens E l ,  E 2 ,  E5 an d  E6 w ere p la n n e d  to  v e r i f y  t h e s e  
r e s u l t s  e x p e r i m e n t a l l y .  F i g s .  5 .1 7  t o  5 .2 0  p r e s e n t  t h e  c o m p a r iso n  o f  
t h e o r e t i c a l  and  e x p e r im e n ta l  l o a d - d e f l e c t i o n  c h a r a c t e r i s t i c s  o f  t h e s e  
s p e c im e n s ,  where t h e  l o a d  i s  p l o t t e d  a g a i n s t  t h e  c e n t r a l  d e f l e c t i o n  o f  
t h e  s l a b .  The t h e o r e t i c a l  a n d  e x p e r im e n ta l  c u r v e s  a r e  a lm o s t  c o i n c i d e n t  
u p to  t h e  f i r s t  y i e l d i n g  i n  t h e  s l a b ,  a f t e r  w hich  t h e  e x p e r im e i ta l  v a lu e  
i s  a b o u t  20/. t o  3 0 /  g r e a t e r  t h a n  t h e  t h e o r e t i c a l  v a l u e .  S in c e  t h e  
change  i n  t h e  s t i f f n e s s  o f  t h e  c o n c r e t e  s e c t i o n  a s  a r e s u l t  o f  c r a c k in g  
h a s  been  a c c o u n te d  f o r  i n  a r r i v i n g  a t  t h e  t h e o r e t i c a l  d e f l e c t i n s ,  t h i s
d i s c r e p a n c y  may be  a t t r i b u t e d  t o  t h e  i n h e r e n t  v a r i a b i l i t y  o f  t h e  m a t e r i a l .
The e x p e r im e n ta l  v a l u e s  o f  u l t i m a t e  load compare r e a s o n a b l y  w e l l  
w i th  t h e  t h e o r e t i c a l  v a l u e s  i n  T a b le  5 . 3 ,  t h e  fo rm e r  b e in g  on t h e  a v e ra g e  
4 /  h i g h e r  t h a n  t h e  l a t e r ;  t h i s  may be a t t r i b u t e d  e i t h e r  t o  t h e  e f f e c t  
o f  s t r a i n  h a rd e n in g  i n  t h e  s t e e l  a n d / o r  t h e  membrane a c t i o n  i n  t h e  s l a b .
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S in c e  t h e  a v e r a g e  e x p e r i m e n t a l  v a l u e  o f  u l t i m a t e  lo a d  i s  3f  h i g h e r  i n  
t h e  c a s e  o f  c o n t r o l  s t r i p s  to o  (T a b le  5 . 1 ) ,  t h e  4$ d i s c r e p a n c y  i s  b e l i e v e d  
t o  be  due t o  s t r a i n  h a r d e n i n g  o f  t h e  s t e e l  a n d / o r  t o  t h e  assum ed  p r o p e r t i e s  
o f  t h e  c o n c r e t e  c o m p r e s s iv e  s t r e s s  b l o c k  r a t h e r  t h a n  t o  t h e  membrane 
a c t i o n .
The e x p e r i m e n t a l  and  t h e o r e t i c a l  v a l u e s  o f  t h e  moments a t  u l t i m a t e  
lo a d  and  a t  a lo a d  l e v e l  be lo w  t h e  f i r s t  y i e l d  a r e  compared i n  F i g .  5 .2 1  
f o r  s l a b  E2 and  i n  F i g .  5 . 2 2  f o r  s l a b  E6. The e x p e r im e n ta l  v a l u e s  o f  
t h e  moments a r e  o b t a i n e d  f rom  t h e  m easu rem en ts  o f  s t e e l  s t r a i n s  a t  
s e l e c t e d  p o i n t s .  The r e l a t i o n s h i p s  b e tw een  s t e e l  s t r a i n s  and  d e v e lo p e d  
moments a r e  o b t a i n e d  a n a l y t i c a l l y  and  a l s o  e x p e r i m e n t a l l y  from  t h e  t e s t  
r e s u l t s  o f  c o n t r o l  s t r i p s  f o l l o w i n g  t h e  p r o c e d u r e  u se d  by G u r a ln i c k  ( 4 l ) .  
T h is  p r o c e d u r e  i s  d e s c r i b e d  i n  d e t a i l  i n  A p pend ix  'D ' .  F i g s .  5 .2 1  and  
5 .2 2  show a good a g re e m e n t  b e tw e en  t h e  e x p e r i m e n t a l  and  t h e o r e t i c a l  v a l u e s  
o f  t h e  moments.
T h e r e f o r e  t h e s e  e x p e r i m e n t a l  o b s e r v a t i o n s  c o n f i r m  t h e  v a l i d i t y  o f  
t h e  m ethod o f  e l a s t i c - p l a s t i c  s o l u t i o n  d e v e lo p e d  i n  c h a p t e r  4.
6 . 4  S o u rc e s  o f  e r r o r
The p o s s i b l e  s o u r c e s  o f  e r r o r  i n  t h e  a n a l y t i c a l  s o l u t i o n  may be  
one o r  more o f  t h e  f o l l o w i n g  a r i s i n g  e i t h e r  due to  t h e  a s s u m p t io n s  made 
o r  due t o  t h e  n u m e r ic a l  a p p ro a c h  a d o p te d  f o r  t h e  s o l u t i o n ;
(1 )  The m ethod o f  s o l u t i o n  i s  b a s e d  on t h e  s m a l l  d e f l e c t i o n  
t h e o r y  o f  f l e x u r e  o f  p l a t e s ,  w here  t h e  e f f e c t  o f  no rm al  
s t r e s s e s  i n  t h e  d i r e c t i o n  t r a n s v e r s e  t o  t h e  p l a t e  a r e  
d i s r e g a r d e d .
(2 )  I n  t h e  y i e l d e d  r e g i o n s ,  t h e  m a t e r i a l  i s  assum ed t o  b e h a v e  i n  
a  p u r e l y  p l a s t i c  m anner i g n o r i n g  t h e  e f f e c t  o f  s t r a i n
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h a r d e n i n g .  The e x p e r i m e n t a l  v a l u e s  o f  t h e  u l t i m a t e  l o a d  w ere 
c o n s i s t e n t l y  3$ t o  4$ h i g h e r  t h a n  t h e  t h e o r e t i c a l  v a l u e s ;  
t h i s  may be  a t t r i b u t e d  p a r t l y  t o  t h e  s t r a i n  h a r d e n i n g .
( 3 )  A l th o u g h  a  r e l a t i v e l y  f i n e  g r i d  was u s e d  i n  t h i s  s t u d y ,  a  
b e t t e r  a c c u r a c y  c o u ld  h a v e  b e e n  o b t a i n e d  by  d e c r e a s i n g  t h e  
mesh s i z e .
(4 )  Due t o  a  l a r g e  number o f  o p e r a t i o n s  i n v o lv e d  i n  t h e  com pu te r
p ro g ra m , t h e  ro u n d  o f f  e r r o r  t e n d s  t o  become l a r g e .  However,
i t  i s  b e l i e v e d  t h a t  t h i s  e r r o r  was i n s i g n i f i c a n t  f o r  a n  
E n g i n e e r in g  p ro b le m .
The p o s s i b l e  s o u r c e s  o f  e r r o r  i n  t h e  e x p e r i m e n t a l  r e s u l t s  may be 
one o r  m ore o f  t h e  f o l l o w i n g :
(1 )  The s t r e n g t h  o f  3 i n .  x  6 i n .  c y l i n d e r s  was u s e d  a s  a  m ea su re  
o f  c o n c r e t e  q u a l i t y .  From e a ch  b a t c h  o f  c o n c r e t e  t h r e e  
c y l i n d e r s  w ere  m ade , t h e  a v e r a g e  s t r e n g t h  o f  w h ich  i s  b e l i e v e d  
t o  r e p r e s e n t  t h e  t r u e  s t r e n g t h  o f  t h e  b a t c h .  Even  th o u g h  
each  s l a b  and  c o r r e s p o n d in g  c y l i n d e r s  w ere  f u l l y  c om pac ted
by  v i b r a t i o n ,  i t  i s  r e a s o n a b l e  t o  assum e t h a t  a  d i f f e r e n c e  
i n  s t r e n g t h ,  due t o  d i f f e r e n t  d e g r e e s  o f  c o m p a c t io n ,  was 
p r e s e n t .  How ever, i n  u n d e r - r e i n f o r c e d  s l a b s  t h e  e f f e c t  o f  
v a r i a t i o n  o f  c o n c r e t e  s t r e n g t h  on u l t i m a t e  l o a d  i s  q u i t e  
i n s i g n i f i c a n t .
(2 )  The y e i ld  p o i n t s  o f  r e i n f o r c e m e n t  w ere  d e te r m in e d  by  means 
o f  12 sa m p le s  f o r  e a ch  s i z e  o f  b a r  w here  d e v i a t i o n s  f rom  t h e  
a v e r a g e  v a lu e  o f  t h e  o r d e r  o f  3$ w ere  p r e s e n t .  The u l t i m a t e
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l o a d s  o f  t h e  u n d e r - r e i n f o r c e d  s l a b s  a r e  a lm o s t  p r o p o r t i o n a l  
t o  t h e  y i e l d  p o i n t  o f  t h e  t e n s i o n  r e i n f o r c e m e n t ;  e x p e r i m e n t a l  
r e s u l t s  w i l l  t h e r e f o r e  be i n f l u e n c e d  by such  v a r i a t i o n s .
( 3 ) The v a r i a t i o n  i n  t h e  t h i c k n e s s  o f  t h e  s l a b  sp ec im en  a s  w e l l  
a s  i n  t h e  p o s i t i o n  o f  r e i n f o r c i n g  b a r  i n  t h e  s e c t i o n  a f f e c t s  
t h e  i n t e r n a l  moment arm  o f  t h e  s e c t i o n .  T h ese  w e re  c a r e ­
f u l l y  m ea su red  a t  t h e  l o c a t i o n  o f  y i e l d  l i n e s  i n  a l l  c o n t r o l  
s t r i p s  and  w ere found  t o  v a r y  be tw een  + 0 .0 2  i n . , w hich  
c o r r e s p o n d s  t o  a  v a r i a t i o n  o f  t h e  u l t i m a t e  l o a d  o f  t h e  o r d e r  
o f  1$.
(4 )  The v a l u e  o f  a n g l e  was e s t i m a t e d  so as t o  c o r r e s p o n d  t o  t h e  
g e n e r a l  t r e n d  o f  c r a c k s  a l o n g  a y i e l d  l i n e ;  some p e r s o n a l  
judgem ent e r r o r  may have  b e e n  in t r o d u c e d  i n  t h i s  e s t i m a t i o n .
(5 )  Some i n a c c u r a c y  i n  t h e  m easu rem en t  o f  t h e  u l t i m a t e  lo a d  may 
have  b e e n  i n t r o d u c e d .
(6 )  Some i n a c c u r a c y  i n  t h e  m easurem ent o f  s t r a i n s  may h a v e  b e e n  
i n t r o d u c e d  e i t h e r  due t o  im p ro p e r  a l ig n m e n t  o f  gage  o r  due 
t o  i n a c c u r a c y  o f  t h e  s t r a i n  m e a s u r in g  d e v ic e .
(7 )  Any d e f o r m a t io n  o f  t h e  l o a d i n g  fram e w i l l  i n t r o d u c e  some 
e r r o r  b u t  i t  c o u ld  n o t  have  c o n t r i b u t e d  much c o n s i d e r i n g  
t h e  e x c e s s iv e ,  r i g i d i t y  o f  t h e  lo a d in g  f ram e .
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CHAPTER 7 
Summary an d  C o n c lu s io n s  
The o v e r a l l  o b j e c t i v e  o f  t h i s  s tu d y  had  b e e n  t o  o b t a i n  a  b e t t e r  
u n d e r s t a n d in g  i n t o  th e  b e h a v io r  o f  r e i n f o r c e d  c o n c r e t e  s l a b s  a t  a l l  
s t a g e s  o f  l o a d in g .  To t h i s  e n d ,  f i r s t  o f  a l l  a  s im p le  a p p ro a c h  was 
f o l lo w e d  t o  d e v e lo p  a y i e l d  c r i t e r i o n  a p p l i c a b l e  f o r  b o th  i s o t r o p i c a l l y  
and  n o n - i s o t r o p i c a l l y  r e i n f o r c e d  s l a b s  s u b j e c t e d  t o  any  g iv e n  c o m b in a t io n  
o f  a p p l i e d  moments; and  s e c o n d ,  a  n u m e r ic a l  method i s  d e v e lo p e d  t o  o b t a i n  
t h e  c o m p le te  e l a s t i c - p l a s t i c  s o l u t i o n  w hich  g i v e s  b o th  t h e  s t r e n g t h  and  
. b e h a v io r  o f  a  s l a b  w i th o u t  t h e  n e c e s s i t y  o f  a s su m in g  a y i e l d  p a t t e r n  
o r  a  d i s t r i b u t i o n  f o r  moments.
The e s t a b l i s h e d  y i e l d  c r i t e r i o n  i n  any  g e n e r a l  c a s e  can  be  d e f in e d  
c o m p le te ly  by t h e  e x p r e s s i o n s  3 .2 2  and  3 .2 7 .  T hese  express ions  a r e  
s u f f i c i e n t  t o  f i n d  two unknown q u a n t i t i e s  p and  ty, which w i l l  g i v e  t h e  
m ag n i tu d e  o f  y i e l d  moment a n d  t h e  o r i e n t a t i o n  o f  y i e l d  l i n e  i n  a n y  g iv e n  
c a s e .  I t  i s  shown t h a t  y i e l d  w i l l  o c c u r  p e r p e n d i c u l a r  t o  t h e  a p p l i e d  
p r i n c i p a l  moment d i r e c t i o n  o n ly  i n  i s o t r o p i c a l l y  r e i n f o r c e d  s l a b  and  
t h a t  i n  n o n - i s o t r o p i c a l l y  r e i n f o r c e d  s l a b  t h e  o r i e n t a t i o n  o f  y i e l d  
l i n e  i s  g o v e rn e d  by t h e  p r i n c i p l e  o f  l e a s t  r e s i s t a n c e .  This yield cri ter ion  h as  
b e e n  e x p e r i m e n t a l l y  v e r i f i e d  and i t  i s  c o n c lu d e d  t h a t  t h e r e  i s  no i n c r e a s e  
i n  moment c a p a c i t y  a t  t h e  y i e l d  l i n e  a s  a  r e s u l t  o f  b i a x i a l  c o m p re s s io n  
o f  c o n c r e t e  o r  due t o  t h e  k i n k in g  o f  r e i n f o r c i n g  b a r s .  No e v id e n c e  o f  
k i n k i n g ,  o f  t h e  b a r s  a t  a n y  s t a g e  o f  l o a d in g  was e v id e n t .
The n u m e r ic a l  m ethod o f  c o m p le te  e l a s t i c - p l a s t i c  s o l u t i o n  d e v e lo p e d  
i n  t h i s  s tu d y  can  be u sed  t o  p r e d i c t  t h e  b e h a v io r  o f  t h e  s l a b  a t  a n y  
s t a g e  o f  l o a d in g  from  i n i t i a l  t o  c o l l a p s e  s t a g e .  The s o l u t i o n  c o n s i s t s
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o f  t h e  sum o f  a s e r i e s  o f  i n c r e m e n t a l l y  l i n e a r  s o l u t i o n s ,  which when 
ad d ed  t o g e t h e r ,  r e p r e s e n t  t h e  n o n - l i n e a r  r e s p o n s e  o f  t h e  s l a b .  The 
e n t i r e  r e s p o n s e  i s  o b t a i n e d  i n c l u d i n g  t h e  u l t i m a t e  l o a d .  The m ethod  i s  
in d e p e n d e n t  o f  t h e  bound th eo re m s  a n d  t h e r e  i s  no n e c e s s i t y  o f  a s su m in g  
t h e  y i e l d  p a t t e r n s  o r  t h e  d i s t r i b u t i o n  o f  moments. I t  p r o v id e s  t h e  
e x a c t  v a l u e  o f  t h e  u l t i m a t e  lo a d  w i t h i n  t h e  l i m i t s  o f  a c c u r a c y  o f  t h e  
n u m e r i c a l  p r o c e d u r e  an d  t h e  a s s u m p t io n s  made. M a g n itu d e s  o f  moments 
away from  t h e  y i e l d  l i n e s  a r e  a l s o  o b t a i n e d  w hich  i s  a  v a l u a b l e  i n f o r m a ­
t i o n  f o r  t h e  d i s t r i b u t i o n  o f  r e i n f o r c e m e n t .  P r o g r e s s i o n  o f  y i e l d i i g
o f  p o i n t s  an d  t h u s  t h e  y i e l d  l i n e  p a t t e r n  i s  t r a c e d  d u r in g  t h e  s o l u t i o n  
p r o c e d u r e  w hich  i s  a n  ad d ed  a d v a n ta g e  t o  t h e  m ethod . T h e o r e t i c a l  s o l u ­
t i o n s  o b t a i n e d  by t h i s  m ethod com pare f a v o u r a b ly  w i th  o t h e r  known 
s o l u t i o n s  and  w i th  e x p e r i m e n t a l  r e s u l t s .
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FIG. 3 . 2  STRESSES AND STRAINS IN CONCRETE AT ULTIMATE LOAD
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
8 2
2 - 5




lu 0 - 5
= 0 ' 5 0
10 2 0  3 0  4 0  5 0  6 0  7 0  8 0  9 00
A N GL E  & ,  DEG.
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FIG. 3 . 4  PERCENTAGE ERROR IN NORMAL MOMENT FOR 
VARIOUS REINFORCEMENT RATIOS, 8 =  45°
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FIG. 3 .6  KINKING OF A REINFORCING BAR
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FIG. 3 . 7  EFFECT OF KINKING ON NORMA.L MOMENT





FIG. 3 .8  CRACK GEOMETRY
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FIG. 3 .9  JOHANSEN’S YIELD CRITERIA





FIG. 3 .1 0  ORIENTATION OF YIELD LINE-GENERAL CASE
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FIG. 3 .1 1  VARIATION OF APPLIED AND RESISTING MOMENTS
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FIG. 3 .1 3  SIAB OF EXAMPLE (2)
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FIG . 4 .1  FORCES ON A PLATE ELEMENT
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FIG. 4 .2  NUMBERING OF GRID POINTS NEAR THE CORNER
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FIG . 4 ,3  CONVERGENCE OF EIASTIC SOLUTION FOR SIMPLY SUPPORTED SQUARE SLAB'
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FIG . 4 .5  TYPICAL MOMENT AND DEFLECTION DIAGRAMS FOR 
SIMPLY SUPPORTED SQUARE SLAB




1—  a/10, q= 24-56 Mp/a
2 —  a/12, q= 24-41 Mp/a:
3 — a/14 ,  q= 24- 31 Mp/a
4 — a / 16 , 9 = 24-29 Mp/ a :
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FIG . 4 .6  LOAD-DEFLECTION CURVES FOR SIMPLY SUPPORTED SQUARE 
SIAB FOR DIFFERENT GRID SIZES
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FIG . 4 .9  TYPICAL MOMENT AND DEFLECTION DIAGRAMS FOR SQUARE 
SLAB WITH FIXED EDGES
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FIG . 5 .3  LOADING ARRANGEMENT FOR TEST SPECIMENS OF SERIES 
A AND B.
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FIG . 5 .4  PLAN VIEW OF TYPICAL SLAB OF SERIES C
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FIG . 5 .5  PIAN VIEW OF TYPICAL SLAB OF SERIES D
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FIG. 5 .6  LOCATION OF STRAIN GAGES ON SPECIMEN E2
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FIG . 5 .7  LOCATION OF STRAIN GAGES ON SPECIMEN E6
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F i g .  5 .9  L o ad ing  a r ra n g e m e n t f o r  S e r i e s  C an d  D
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+  UPWARD R EAC TIO N  
O DOWNWARD FORCE
A -  -H --------A-------
FIG. 5 .1 1  DEVELOPED MOMENTS IN SPECIMEN D1
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F i g .  5 .1 2  D i g i t a l  s t r a i n  i n d i c a t o r  and  p r i n t o u t  u n i t
■Fig. 5 .1 3  Specim en o f  S e r i e s  E b e f o r e  l o a d in g
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( a )  SE C T IO N A L  ELEVATION
3 / 1 6 “ DIA. B O L T S z 3 / 8 "  P L A T E
W O O D E N  BLO C K  
T O  H O L D  R U B B E R  =1
3 / 1 6 “ DIA. B O L T S
0 . 5
. - 1 /1 6 "  R U B B E R
^  m e m b r a n e
1 .5
n~rz.
T E S T  S P E C IM E N
3 / 8 "  THICK R U B B E R  
PA D
0 .5 “
( b )  DETAILS AT E D G E
FIG. 5 .1 4  LOADING ARRANGEMENT FOR SPECIMENS OF SERIES E
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*   q » 15-67  Mpx / a 2 (U LTIMATE)
x   q = 10  0  M p x / a 2 ( <  F IR S T  YIELD)
FIG. 5 .2 1  COMPARISON OF MEASURED AND THEORETICAL MOMENTS FOR 
SPECIMEN E 2
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MOMENTS ALONG A A
EXPERIMENT THEORY
*   q =12 - 65  Mp x / a2 (ULTIMATE)
x   q = 7 - 5 0  M p x / a 2 ( < FIRST YIELD)
FIG . 5 . 2 2  COMPARISON OF MEASURED AND THEORETICAL MOMENTS FOR 
SPECIMEN E6
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(e )  ( f )
F i g .  5 .2 3  T y p i c a l  y i e l d  l i n e  p a t t e r n s
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APPENDIX A
P ro o f  o f  t h e  e x p r e s s i o n  3. 15
I t  i s  shown below  t h a t  t h e  c o n d i t i o n  r e p r e s e n t e d  by e x p r e s s i o n  3 .1 5  
i s  s a t i s f i e d ,  t h a t  i s
j.2
■Sew (M -  M ) <  03Y n pn —
L e t  F =  (M -  M ) ( A . l )n pn
U s in g  e x p r e s s i o n  3 .1 0  and  3 .1 1  i n  e x p r e s s i o n  A . l  y i e l d s
F =  ( ^ L c o s ^  -f M„ s i n 2')/') -  [M c o s ^ (  § + ty) +  M s i n 2( § +  ty) ] 1 T 2 L px py
=  -(M. -  M_) s in Z ^  +  (M -  M ) s i n  2 ( 3  +  ty)1 x px py
0 =  -2(M.. -  M „)cos2^  +  2(M -  M ) c o s o ( $  +  ty) (A. 2)g^2 1 2 px py ^
U s in g  e x p r e s s i o n s  3 .1 8  i n  e x p r e s s i o n  A . 2 y i e l d s
=  -26  M ( l - o„ - -2 1 co) c o s  2^ +  2M ( l - jx ) c o s  i  § +  ty) (A. 3)
3 ^ 2 px  pX
From e x p r e s s i o n  3. 22
133
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1 3 4
c o s  2*- =  -  (1 -■ K>._c ° s 2 j i  (A_4)
r * i
w here  D. =  +  p ( l - w )  -2 p (  1-fi) ( 1-w) c o s  2 $3
U s in g  e x p r e s s i o n  A . 4 i n  A . 3 ,  one  f i n d s  t h a t
^~ 2  ~  r f r *  [ - p( i _w) { p ( i -w )  -  ( i - | i )  c o s 2 $} 
3>T J  i
+ ( l -p . )  co s  2&{p( 1-co) -  ( l - p )  c o s2 $ }  
- ( l - p )  s i n 2 § { ( l - | a )  s i n 2 § } ]
On s i m p l i f i c a t i o n  i t  y i e l d s
2 2M
=  -  Z l E r  [ p 2( l - c o )2 -  2p( 1-co) ( 1-p.) c o s  2$ +  ( l - p ) 2 ] (A. 5)
Sir
2M
I n  e x p r e s s i o n  A .5 ,  ■-■P* i s a  p o s i t i v e  q u a n t i t y  s i n c e  t h e  p o s i t i v e>r
s i g n  w i l l  he  t a k e n  b e f o r e  t h e  s q u a r e  r o o t  i n  / d^ .  A ls o  t h e  f i r s t  and
t h i r d  te r m s  i n  t h e  s q u a re  b r a c k e t  on t h e  r i g h t  hand  s i d e  a r e  p o s i t i v e ,
w h i l e  t h e  se co n d  t e rm  w hich  i s  n e g a t i v e  w i l l  h a v e  a  maximum n e g a t i v e
v a lu e  f o r  $ =  0 a t  w hich  c o s 2 §  =  1 .0 .  Thus t h e  l e a s t  v a lu e  o f  t h e
e x p r e s s i o n  i n  t h e  s q u a re  b r a c k e t  on  t h e  r i g h t  hand s i d e  w i l l  be
[p(l-O)) -  (1 —J-t) ] 2 .
T h i s  p r o v e s  t h a t  t h e  v a l u e  o f  ?  ? a s  g iv e n  by  e x p r e s s i o n  A .5
3^
w i l l  a lw a y s  be  l e s s  t h a n  o r  e q u a l  t o  z e r o ,  t h a t  i s
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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APPENDIX B
To show t h a t  th e  v a l u e s  o f  B g iv e n  by e x p r e s s i o n  3 .2 6  a r e  r e a l .
I n  o r d e r  t o  show t h a t  v a l u e s  o f  p g iv e n  by e x p r e s s i o n  3 .2 6  a r e  r e a l
i t  must be  p roved  t h a t  t h e  p o r t i o n  u n d e r  t h e  s q u a r e  r o o t  s i g n  i n  t h e
e x p r e s s i o n  3 .2 6  i s  g r e a t e r  t h a n  o r  e q u a l  t o  z e r o .  Let t h i s  p o r t i o n  be
d e n o te d  by  S a s  f o l l o w s :
S =  ( P -f- coQ) 2 -  4jJ.co ( B . l )
U sing  e x p r e s s i o n  3 .2 5  and  r e a r r a n g i n g  t h e  te rm s
2 2 2S = [ (1  +  poo) s i n  $ +  (p  +  o>) co s  §] -  4poo
c o l l e c t i n g  t h e  te rm s
S 2 2 2 2 2 [ ( l  -  pcu) s i n  $ +  (p. -  to) c o s  $3 -  2( 1 -  pto)(p-to) s i n  § c o s  $
136
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R e a r r a n g i n g ,
S =  [ (1  -jLtaj) s i n ^ §  +  (|i-co) c o s ^ § ] ^  +  4 c u ( l - | i )^  s i n ^ $  c o s ^ $  (B. 2)
Now s i n c e  t h e  v a lu e  o f  CO v a r i e s  from  - 1 .0  t o  + 1 . 0 ,  t h e  f o l l o w i n g  two 
c a s e s  a r e  c o n s i d e r e d :
(1 )  co >  0
I t  i s  e v id e n t  from  e x p r e s s i o n  B . 2 t h a t  f o r  t h i s  c a s e  a lw a y s :
S >  0
( i i )  (0 < 0
F o r  n e g a t i v e  v a l u e s  o f  co, t h e  v a l u e  o f  S a s  g i v e n  by e x p r e s s i o n  B .2  
w i l l  be  minimum f o r  |i =  0 ,  s i n c e  p. v a r i e s  from  0 t o  + 1 .0 .  S u b s t i t u t i o n
o f  p. =  0 i n  e x p r e s s i o n  B .2  y i e l d s
2 2 2S =  [ s i n  $ +  co c o s  § ]  (B. 3)
S i n c e  t h i s  minimum v a lu e  o f  S a s  g iv e n  by  e x p r e s s i o n  B .3  i s  p o s i t i v e ,  
i t  i m p l i e s  t h a t  f o r  a l l  v a l u e s  o f  co <  0 ,  i t  c an  be c o n c lu d e d  t h a t :
S >  0
I t  i s  t h e r e f o r e ,  p ro v ed  t h a t  f o r  a l l  p o s s i b l e  v a l u e s  o f  co and  p ,  
t h e  v a l u e  o f  S a s  g iv e n  by  e x p r e s s i o n  B . 1 i s  g r e a t e r  t h a n  o r  e q u a l  t o  z e r o .
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APPENDIX C
I l l u s t r a t i v e  example
The f o l l o w i n g  exam ple i l l u s t r a t e s  t h e  m ethod  o f  s o l u t i o n  o u t l i n e d  
i n  s e c t i o n  4 .6 .  A s im p ly  s u p p o r t e d  s q u a r e  s l a b  w i t h  u n i fo r m  lo a d  i s  
a n a l y s e d .  F o r  t h e  sa k e  o f  k e e p in g  t h e  s i z e s  o f  t h e  m a t r i c e s  s m a l l ,  i n .  
t h i s  i l l u s t r a t i o n ,  a r e l a t i v e l y  c o a r s e  g r i d  s i z e  o f  a / 6  i s  c h o sen  where 
' a 1 i s  t h e  s i d e  o f  t h e  s q u a r e .  The v a l u e  o f  P o i s s o n ' s  r a t i o  i s  assum ed 
t o  be  e q u a l  t o  0 . 2 .  Numbering o f  t h e  g r i d  p o i n t s  i s  shown i n  F i g .  C . l .
3 4 5 16
I ■ 2 \ 1 2 3
h = a /6 II 9 \ 4 5
f 10 8
V\
7 \ 6 a






FIG. C . l
T h e r e  a r e  o n ly  s i x  unknown d e f l e c t i o n s  o f  t h e  p o i n t s  1 t o  6. A p p ly in g  
t h e  e q u i l i b r i u m  e q u a t i o n  4 .1 1  t o  t h e  p o i n t s  1 t o  6 ,  t h e  f o l l o w i n g  
e q u a t i o n  i s  o b t a i n e d :
138
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[AA] [M } +  [AB] {M } +  [AC] {M } =  {q ]
x i  1=1 ,16  i  i = l ,16 yi  i = l ,16 i = l , 6
( C . l )
w here {M } , [H } and  [M } a r e  t h e  colum n m a t r i c e s  o f  unknown moments
V yi
o f  t h e  form
xy
i K  3 =
M M ’  M
X1 y l Xyl
M M M
X 2 y 2 X y 2
< — VIIA - {M ] = L x y J
“ ?
M M M
X15 y 15 Xy15
M M M
X16 . y 16 . . ^ 1 6 .
, {q^} i s  t h e  column m a t r i x  o f  a p p l i e d  l o a d s ;  a s su m in g  a  u n i t  v a lu e  f o r  
t h e  u n ifo rm  lo a d  c o n s id e r e d  i n  t h i s  exam ple i t  h a s  t h e  v a l u e :
{q}
- 1.0  
- 1.0  
- 1.0
- 1.0
- 1 .0  
- 1 . 0
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, and  [AA], [AB], [AC] a r e  t h e  r e s u l t i n g  m a t r i c e s  o b t a i n e d  by a p p ly i n g  
a p p r o p r i a t e  f i n i t e  d i f f e r e n c e - o p e r a t o r s  to  t h e  f i r s t ,  s eco n d  and  t h i r d  
te rm s  r e s p e c t i v e l y  o f  Eq. 4 .1 4 .  F o r  t h e  p r e s e n t  exam ple  t h e s e  m a t r i c e s  
have  th e  v a lu e s  shown i n  F i g .  C .2 .
F i n i t e  d i f f e r e n c e  a p p r o x im a t io n s  o f  E qs .  4 . 1 1 ,  w hich  a r e  t h e  moment 
d e f l e c t i o n  r e l a t i o n s  i n  t h e  e l a s t i c  r a n g e ,  g i v e s  t h e  f o l l o w i n g  e x p r e s s i o n s ;
1 x . Ji = l , 1 6  J L i Jx = l , 6
^ 1 = 1 , 1 6  -  p ]  { w . ] .= l j 6
tMxy. \ = 1 . 1 6  =  tD  ^ t"i ) i = i i6
(C .2 )
w here [w] i s  a column m a t r i x  o f  6 unknown d e f l e c t i o n s  o f  p o i n t s  1 t o  6, 
a n d  m a t r i c e s  [B ] ,  [C] and  [D.] a r e  a s  g iv e n  be low :
[B ]  =  -  x 
h
2.40 -1 .  20 0 .0 0 . 0 0 .0 0 .0
-1 .0 0 2.40 -1 .0 0 -0.  20 0 . 0 0 . 0
0 . 0 - 2 .0 0 2.40 0 . 0 -0 .  20 0 .0
0 . 0 -1 .  20 0 .0 2.40 -1 .  20 0 . 0
0 .0 0 . 0 -0 .  20 -2 .00 2.40 -0 .2 0
0 .0 0 . 0 0 .0 0 . 0 - 2 .4 0 2.40
0 . 0 0 .0 -1 .0 0 -0 .4 0 2.40 - 1 .0 0
0 .0 -0 .40 2.40 ' 0 . 0 -1 .0 0 0 . 0
-0.  20 2.40 -0 .  20 -1 .0 0 0 .0 0 . 0
0 .0 0 . 0 0 . 0 0 . 0 0 . 0 0 .0
0 . 0 0 .0 0 .0 0 . 0 0 . 0 0 . 0
0 .0 0 .0 0 .0 0 . 0 0 . 0 0 .0
0 . 0 0 . 0 0 .0 0 . 0 0 . 0 0 . 0
0 . 0 0 . 0 0 .0 0 . 0 0 . 0 0 . 0
0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0
0 . 0 0 .0 0 . 0 0 . 0 0 . 0 0 . 0
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H1 0 . 0
-0 .2 0 2 .4 0 - 0 .  20
0 .0 - 0 .4 0 2 .4 0
0 .0 - 1 .  20 0 . 0
0 . 0 0 . 0 - 1 .0 0
0 .0 0 . 0 0 . 0
0 .0 0 . 0 - 0 .  20
0 .0 - 2 .0 0 2 .4 0
—1 .0 0 2 .4 0 - 1 .0 0
0 . 0 0 . 0 0 . 0
0 .0 0 . 0 0 . 0
0 .0 0 .0 0 . 0
0 .0 0 . 0 0 . 0
0 . 0 0 . 0 0 . 0
0 .0 0 . 0 0 . 0
0 .0 0 . 0 0 . 0
0 . 0 0 . 0 0 . 0
-1 .0 0 0 . 0 0 . 0
0 . 0 - 1 .0 0 0 . 0
2 .4 0 - 1 .  20 0 . 0
- 0 .4 0 2 .4 0 - 1 .0 0
0 . 0 - 2 .4 0 2 .4 0
- 2 .0 0 2 .4 0 - 0 .2 0
0 . 0 - 0 .  20 0 . 0
a•01 0 . 0 0 .0
0 . 0 0 .0 0 . 0
0 . 0 0 . 0 0 . 0
0 . 0 0 . 0 0 . 0
0 . 0 0 .0 0 . 0
0 . 0 0 . 0 0 .0
0 . 0 0 . 0 0 . 0
0 . 0 0 . 0 0 . 0
P 3 = S ’ xh
0 .0 0 . 0 0 . 0
0 .0 1 o 8 o•o
0 . 0 0 . 0 0 . 0
0 .2 0 0 . 0 - 0 .4 0
0 .0 0 . 0 0 . 0
0 .0 0 . 0 0 .0
0 .0 0 . 0 0 . 0
0 .0 0 . 0 0 . 0
0 .0 1 o 8 0 . 0
0 .0 0 . 0 0 . 0
- 0 .4 0 0 . 0 0 .4 0
0 .0 0 .4 0 0 . 0
0 .8 0 0 . 0 0 . 0
0 .0 0 .4 0 0 . 0
- 0 .4 0 0 . 0 0 .4 0
0 .0 0 . 0 0 . 0
0 .2 0 0 . 0 0 .0
0 . 0 0 .2 0 0 .0
o•o 0 . 0 0 . 0
0 . 0 0 .0 0 .  20
o•o 0 . 0 0 . 0
o•o 0 . 0 0 .0
o•o 0 . 0 0 . 0
o•o 0 . 0 0 . 0
o•o 0 .  20 0 .0
0 . 0 0 . 0 0 . 0
o•o 0 . 0 0 .0
0 . 0 0 .0 0 .0
0 . 0 0 . 0 0 .0o•o 0 . 0 0 . 0
o•o 0 . 0 0 . 0
o « o 0 . 0 0 . 0
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S u b s t i t u t i o n  o f  E q s .  C .2  i n t o  C . l  y i e l d s  a  s e t  o f  6 s im u l ta n e o u s  
e q u a t i o n s  o f  t h e  fo rm :
[A] {w] =  {q} (C .3 )
w h e re ,
[A] =  [AA] x [B] +  [AB] x  CD] +  [AC] x  [C] (C .4 )
[A] = D x (6 ) '  4
m a t r i x o f  o r d e r 6 x 6  and i s  g iv e n be low :
- 1 2 .5 0 9 .6 0 - 1 .4 0 - 0 .4 0 0 .0 - 0 .1 0
4 .8 0 - 1 4 .3 0 4. 80 4. 80 - 1 .3 0 0 .0
1 « .£> o 9 .6 0 -13 . 40 - 0 .8 0 4 .8 0 - 0 .8 0
-0 .4 0 9 .6 0 -0 .8 0 - 1 5 .7 0 9 .6 0 - 0 .4 0
0 . 0 - 2 .6 0 4 .8 0 9 .6 0 -1 5 .6 0 4. 80




O1 - 1 .6 0 9 .2 0 - 1 4 .0 0
From Eq. C .3
-1
{w} =  [A] {q}
C a r ry in g  o u t  t h e  i n v e r s i o n  o f  m a t r i x  [a ]  y i e l d s  t h e  f o l l o w i n g  v a l u e s  o f  
unknown d e f l e c t i o n s .
[w] =
0 .0 0 1 1 8
0 .0 0 1 9 6
0 .0 0 2 2 3
0 .0 0 3 2 8
0 .0 0 3 7 4
0 .0 0 4 2 7
x q
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The v a l u e s  o f  moments a r e  t h e n  o b t a i n e d  frxn E q s .  (C .2)
T e s t i n g  f o r  y i e l d  a t  d i f f e r e n t  p o i n t s  t h e  f o l l o w i n g  v a l u e s  o f  f i r s t  
y i e l d  lo a d  a r e  o b t a i n e d :
P o i n t  Load
1 2 4 .5 6  x  M / a 2
P '
2 2 6 .5 2
3 3 3 .9 0
4 2 2 .4 9
5 2 3 .73
6 2 1 .9 7
7 2 3 .7 3
8 3 3 .9 0
9 2 6 .5 2
10 w i l l  n o t  y i e l d
11 6 6 .1 8
12 3 5 .4 8
13 29 .51
14 3 5 .4 8
15 6 6 .1 8
16 w i l l  n o t  y i e l d
S in c e  t h e  minimum lo a d  to  s t a r t  y i e l d  i s  a t  p o i n t  6 ,  t h e  y i e l d i n g  s t a r t s
2
a t  t h i s  p o i n t  a t  a  l o a d  v a l u e  o f  q = 2 1 .9 7  M^/a . T h i s  y i e l d i n g  i s  a c c o r d ­
i n g  to  ty p e  IV y i e l d .  F i n a l  v a l u e s  o f  d e f l e c t i o n s  an d  moments a r e  
o b t a i n e d  by m u l t i p l y i n g  t h e  v a l u e s  due t o  u n i t  l o a d  by  t h e  a c t u a l  v a l u e  
o f  t h e  lo a d .
To m od ify  t h e  m o m e n t - d e f l e c t i o n  r e l a t i o n s ,  t h e  6 th  row i n  m a t r i c e s
[ B ] ,  fC] an d  [D] m ust now b e  c h a n g e d .  S in c e  a l l  moment i n c r e m e n t s  a r e  
z e r o  a f t e r  t y p e  IV y i e l d ,  e a c h  e le m e n t  o f  6 th  row i s  made e q u a l  t o  z e r o .  
The s t i f f n e s s  v a l u e s  o f  a l l  t h e  g r i d  p o i n t s  a r e  a l s o  m o d i f i e d .  ' S u b s t i ­
t u t i n g  th e  m o d i f i e d  v a l u e s  o f  [ B ] ,  [C ] an d  [D] i n  Eq. (C .4 )  g i v e s  a
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r e v i s e d  m a t r i x  [A ]. A f t e r  i n v e r s i o n  o f  t h i s  m a t r i x ,  i n c r e m e n t a l  v a l u e s
o f  moments and  d e f l e c t i o n s  due t o  a  l o a d  Aq =  1 .0 0  a r e  com puted .
Each p o i n t  i s  t e s t e d  f o r  y i e l d  a n d  t h e  t r u e  v a l u e  o f  Aq f o r  t h i s  s t a g e  
i s  o b t a i n e d  by  i t e r a t i o n ;  c o r r e s p o n d in g  v a lu e s  o f  moments and  d e f l e c t i o n s  
a r e  a d d e d  t o  t h e  f i r s t  s t a g e  s o l u t i o n .  The p r o c e d u r e  o f  s e c o n d  s t a g e  
i s  r e p e a t e d  t i l l  t h e  s l a b  i s  c o n v e r t e d  i n t o  m echanism . F o r  t h e  p r e s e n t  
ex a m p le ,  t h e  f o l l o w i n g  v a l u e s  o f  l o a d  v e r s u s  c e n t r a l  d e f l e c t i o n  w ere 
o b t a i n e d .
Load C e n t r a l  d e f l e c t i o n
2 1 .9 7  x M / a 2 
V
2 2 .3 2
2 3 .3 2
0 .0 9 6 2
0 .1 0 9 5
0 .1 3 1 2
0 .1 5 2 9
0 .1 7 9 0





L a rg e  d e f l e c t i o n s  o f  t h e  o r d e r  >  5 0 0 .0  f o r
u n i t  l o a d .
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APPENDIX D
R e l a t i o n s h i p  be tw een  moments and  r e i n f o r c e m e n t  s t r a i n s
The s t r a i g h t  l i n e  c r a c k e d  s e c t i o n  a n a l y s i s  o f  a  r e i n f o r c e d  c o n c r e t e  
s e c t i o n  which i s  w i d e l y  u se d  i n  d e s ig n  c a n  n o t  be u t i l i s e d  to  r e l a t e  
t h e  m easu red  s t r a i n  w i th  moment b e c a u s e  t h e  t e n s i l e  f o r c e s  i n  t h e  c o n c r e t e  
a r e  i g n o r e d .  T h i s  a s s u m p t io n  may n o t  l e a d  t o  l a r g e  e r r o r s  w i th  h ig h  
s t e e l  r a t i o s  b u t  i n  s l a b s  w here  r e i n f o r c e m e n t  r a t i o s  a r e  q u i t e  low , 
t e n s i l e  f o r c e s  i n  t h e  c o n c r e t e  m ust be  c o n s id e r e d .  Thus t h e  moment 
s t r a i n  d iag ram  w i l l  c o n s i s t  o f  -
( i )  a  p a r t  i n  w hich  c o n c r e t e  r e m a in s  u n c ra c k e d .
( i i )  a  p a r t  i n  w hich  t h e  c o n c r e t e  h a s  c ra c k e d  b u t  t h e  s t r a i n  i n  t h e  
s t e e l  i s  b e low  t h e  y i e l d  p o i n t ,  and
( i i i )  a  p a r t  i n  w h ich  t h e  s t e e l  s t r a i n  i s  a t  o r  beyond t h e  y i e l d  p o i n t .  
T h ese  moment v e r s u s  s t e e l  s t r a i n  r e l a t i o n s h i p s  w ere  o b t a i n e d  b o th
e x p e r i m e n t a l l y  and  a n a l y t i c a l l y .  E x p e r im e n ta l  moment s t r a i n  c u r v e s  
w ere  o b t a i n e d  from  t e s t s  o f  t h e  c o n t r o l  s t r i p s .  Only  l i v e  lo a d  s t r a i n  
i n  t h e  s t e e l  w ere  m easu red  d u r in g  t h e  t e s t s  an d  t h e  c u rv e s  w ere e x t r a ­
p o l a t e d  t o  z e ro  t o  i n c l u d e  dead  lo a d  e f f e c t s .  I n  t h i s  e x t r a p o l a t i o n  
t h e  s t e e l  s t r a i n s  due t o  dead  w e ig h t  o f  t h e  s t r i p  and  lo a d in g  equ ipm en t  
w ere  computed b a s e d  on  t h e  t r a n s f o r m e d  s e c t i o n .
F o r  t h e  p u rp o s e  o f  o b t a i n i n g  t h e  a n a l y t i c a l  moment s t r a i n  c u r v e s ,  
t h e  moment a t  f l e x u r a l  c r a c k i n g  was computed on t h e  b a s i s  o f  t h e  t r a n s ­
form ed s e c t i o n  o f  c o n c r e t e .  The a v e r a g e  m easu red  v a l u e  o f  t h e  m o d u lu s  
o f  r u p t u r e  was 530 p s i .  The r e i n f o r c e m e n t  p r e s e n t  i n  t h e  s e c t i o n  
r e s t r a i n e d  t h e  no rm al f r e e  s h r i n k a g e  o f  c o n c r e t e  and  t h i s  r e s t r a i n t  
in d u c e d  t h e  t e n s i l e  s t r e s s e s  i n  t h e  c o n c r e t e .  The maximum v a lu e  o f  t h i s
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t e n s i l e  s t r e s s  was computed t o  be 130 p s i ,  b a s e d  on t h e  p r o c e d u r e  g iv e n  
by L arge  an d  Chen . R educing  t h e  m easu red  m odulus o f  r u p t u r e  by t h i s  
a m o u n t ,  t h e  c r a c k i n g  s t r e s s  i n  t h e  c o n c r e t e  was t h u s  assum ed  t o  be  
400 p s i .  The c r a c k in g  moment p e r  u n i t  w id th  o f  t h e  s t r i p ,  Mc r > i s  t h e n  
o b t a i n e d  a s  165 i n .  l b / i n .  T h i s  c o r r e s p o n d s  t o  a  s t e e l  s t r a i n ,  £c r » o f  
64 m ic ro  i n . / i n .  i n  t h e  c o n t r o l  s t r i p .  Thus t h e  f i r s t  p o i n t  on t h e
a n a l y t i c a l  c u rv e  i s  d e f i n e d  by M an d  e .3 c r  c r
The c o o r d i n a t e s  o f  t h e  se co n d  p o i n t  on t h e  a n a l y t i c a l  c u rv e  a re  
t h e  moment a n d  s t r a i n  a t  t h e  y i e l d  o f  r e i n f o r c e m e n t .  The y i e l d  s t r a i n ,  
0 ^ ,  a s  m easu red  e x p e r i m e n t a l l y  was 1100 m ic ro  i n . / i n .  The y i e l d  moment 
o f  c o n c r e t e  s e c t i o n  was com puted u s in g  H o g n e s ta d ’ s c o n c r e t e  s t r e s s  b l o c k  
(Eq. 3 . 2 ) .
S t r a i g h t  l i n e s  w ere  drawn j o i n i n g  t h e  o r i g i n ,  t h e  p o i n t  o f  f l e x u r a l  
c r a c k in g  and  t h e  y i e l d  p o i n t .  F o r  s t r a i n s  g r e a t e r  t h a n  y i e l d  s t r a i n ,  
t h e  moment i s  c o n s id e r e d  t o  r e m a in  c o n s t a n t  and  t h e  moment s t r a i n  
d iag ram  becomes h o r i z o n t a l .  T y p i c a l  a n a l y t i c a l  and  e x p e r i m e n t a l  c u r v e s  
o b t a i n e d  i n  t h i s  manner a r e  shown i n  F i g .  D . l .
L a r g e ,  G .E . ,  an d  Chen, T . Y . , ’R e in f o r c e d  C o n c r e te  D e s i g n 1, 3 rd  E d i t i o n ,  
R onald  P r e s s  Co. , New Y ork , 1969.




















0 200 8 0 0 1000 12004 0 0 6 0 0
S T E E L  S T R A I N ,  MICRO IN. / IN.
FIG. D . l  TYPICAL MOMENT -  STEEL STRAIN RELATIONSHIPS
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Sam ple Computer Program
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ISO
S t a r t
' 1
Read d a t a ,  i n i t i a l i s e  
a n d  compute c o n s t a n t s
\ '
Number t h e  g r i d  p o i n t s
•
G e n e ra te  m a t r i c e s  
AA, AB, AC (Eq. 4 .31 )
G e n e r a te  m a t r i c e s  
B , C , D (Eq. 4 .3 2 )
S u b s t i t u t e  Eq. 4 .3 2  i n t o  
Eq. 4 .3 1  an d  compute 
m a t r i x  A.
compute d e f l e c t i o n s  by  
i n v e r s i o n  o f  m a t r i x  A
compute moments a t  
a l l  g r i d  p o i n t s
F in d  minimum lo a d  
f o r  an y  p o i n t  t o  y i e l d
Add t h e  i n c r e m e n t a l  l o a d ,  
moments an d  d e f l e c t i o n s  
t o  t h e  e x i s t i n g  v a l u e s
 ____________ \r_________________
M odify  m a t r i c e s  B,C,D 
a c c o r d in g  t o  ty p e  o f  y i e l d .
M odify  s t i f f n e s s  v a l u e s  
a t  a l l  g r i d  p o i n t s
- j ---------------------
P r i n t  o u t  Summary 
o f  t h e  r e s u l t s
STOP
Flow D iagram  f o r  Main Computer Program
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/ / C P L A T E  JOB 1 0 5 0 1 2 5 , ®  J A I N  @, M 3 G L E V £ L =  1 , C L AS S  = C
/ / E X E l  OLG E X E C  F ORTGCLG , PAR. M. FORT = ®oCD , 1 D , L I N E C N T = 5 0 @
/ / F O R I . S Y S  I N  DD *
C
C
C E L A S T I C - P L A S T I C  S O L U T I  ON OF S I M P L Y  SU P POR T E D  R  C SLAB
C W I T H  I S O  OR N O N - 1  SO R E I N F O R C E M E N T  U S I N G  O R T H O T R O P I C
C P L A T E  T H E O R Y ,  SLAB MAY BE SQUARE OR R E C T ,  MAI N  PROGRAM.
C
D I M E N S I O N  I P  C 1 0 , 7 )  , I P E ( 1 2 , 9 ) ,  D I F ( 7 0 )
D I M E N S I O N  A A ( 5 4 , 7 0 ) , A B ( 5 4 , 7 0 ) , A C ( 5 4 , 7 0 )
D I M E N S I O N  B ( 7 0 , 5 4 1 ,  C ( 7 0 , 5 4 ) ,  D ( 7 0 , 5 4 )
D I  MENS I ON L Z ( 5 4 ) , M Z C 5 4 ) ,  A ( 5 4 , 5 4 ) ,  8 1  ( 7 0 * 1 0 8 )
D I M E N S I O N  AW( 5 4 ) ,  A M X ( 7 0 ) ,  A M Y ( 7 0 ) ,  A M X Y ( 7 0 )
D I M E N S I O N  BW( 5 4 ) ,  8 M X ( 7 0 ) ,  B M Y ( 7 0 ) ,  B M X Y ( 7 0 )
D I M E N S I O N  A M I ( 7 0 ) ,  A M 2 ( 7 0 ) ,  K ( 7 0 ) ,  K K ( 7 0 ) ,  F I R ( 7 0 )
D I M E N S I O N  D E L T A ( 7 0 )  , F L O A D ( 7 0 ) «  A Q Y L D ( 7 0 )  , B E T A ( 7 0 )  
D I M E N S I O N  D X ( 7 0  > , D Y ( 7 Q ) ,  D X Y ( 7 0 ) ,  S I R ( 7 0 ) ,  Y L D ( 7 0 )  
COMMON / C l / I P , I P E  / C 2 / A A  / C 3 / A 8  / C 4 / A C  / C 5 / B  / C 6 / C  / C 7 / D  
COMMON / C 2 0 / I R 1  , I C 1 , I R E , I C E , I RE 1 , I C E 1 , M N E , I S Q R E C / C 1 0 / B I  
C READ I N P U T  DATA AND I N I T I A L I S E
I R= 1 0 
I C = 7  
MS = 5 4  
A N U = 0 . 2 0 0  
I S Q R E C = 2  
M N = I R * I C  
I R 1= I R —1 
I C 1 = I C -  1 
I R E = I R + 2  
I C E = I C + 2  
I R E 1 = 1R E — 1 
I C E 1 = I C E — 1 
M N E = I  R E * I C E  
A N X = 1 2 . 0  
A N Y = 1 8 . 0  
S I D E X = 1 . 0 0  
S I D E Y = 1 . 5 0 0  
HX = S I D E X / A N X
HY = S I D E Y / A N Y
RHS = - 1 . 0 0  
P I = 3 . 1 4 1 5 9 2 6 5
C A L L  MTS ( F C , W I , E F F D L , E F F D U , H , E C , T Y L , T Y U , A T L , A T U , E S , A M ,
1 C M A X L , C M A X U , E B S I Z , A N U , D X A , D Y A , D X Y A , A M C L , A MC U , A M Y L ,
2 A M Y U , A M U L , A MUU♦ A M R L , A M U )
PAA = - 2 . 0  / ( H X * * 2 )
QAA = + 1 . 0  / ( H X * # 2 )
PAB = - 2 . 0  / ( H Y * * 2 )
QAB = + 1 . 0  / ( H Y * * 2 >
TAC = - 1 . 0  / ( 4 . C * H X * H Y )
UAC = + 1 . 0  / ( 4 . G * H X * H Y )
PB = + 2 . 0 - * (  ( 1 . C / H X * * 2  ) +  ( A N U / H Y * * 2 )  )
Q3 = - 1 . 0 / ( H X * * 2 )
S 3  = - A N U / ( H Y * * 2 )
PC = + 2 • 0 * ( ( 1 . 0 / H Y * * 2 ) + ( A N U / H X * * 2 ) )
QC = - A N U / ( H X * * 2 )
SC = - 1 . 0 / ( H Y * * 2 >
TD = - 1 . 0 / ( 2 . 0 * H X * H Y )
UD = + 1 . 0 / ( 2 . 0 * H X * H Y )
READ 1 0 0 ,  ( ( I P ( M , N ) ,  N = 1 , I C ) ,  M = 1 , I R )
DO 7 0 0  1 = 1 , MN














K < I ) = MN +  1 0
Kl< ( I ) = MN +  2 0
D E L T A ( I ) = 0 . 0
F L O A D ( I ) = O . C
D X ( I )  = DXA  
DY < I ) = DYA
D X Y ( I ) = DXYA
C O N T I N U E
NUMBER THE G R I D  P O I N T S  AND P R I N T  OUT  
DO 10  M = 2 , I R E 1  
DO 10 N = 2 , I C E 1 
I P E ( M . N ) = I P ( M - 1 1N - 1 )
C O N T I N U E
DO 11 N = 1 » I C E
i P E < 1 » N >=MN+N
I P E ( I R E i N ) = M N + I C E + N
C O N T I N U E
DO 1 2  M = 2 , I R E 1
I PE ( M , 1 ) = M N + ( 2 * I CE ) + M - 1
I PE < M , I C E  >= M N + < 2 * I C E ) +  I R + M - 1
C O N T I N U E
P R I N T  3 9 0
DO 5 5 0  M = 1 «  1R
P R I N T  3 0  1 .  ( I P ( M . N ) ,  N = 1 i I C )
C O N T I N U E  
P R I N T  3 9 1  
DO 5 6 0  M = 1 . I R E
P R I N T  3 0 1 ,  ( I P E ( M . N ) ,  N = 1 , I C E )
C O N T I N U E
GE NE R AT E  R E O U I  RED M A T R I C E S  AND P R I N T  OUT  
CALL AAMAT <P A A , Q A A , I R , I C , M S , M N )
CALL  ABMAT ( P A D , Q A B , I R , I C , M S , M N )
CALL ACMAT ( T A C , U A C , I R  , I C , M S . M N )
CALL  BCMAT ( P 3 , Q 3 , S B , I R , I C , M S , M N )
DO 7 0 1  1 = 1 , MN
DO 7 0 1  J = 1 , MS 
B < I i J )  = B I ( I i J )
C O N T I N U E
CALL  BCMAT ( P C , Q C , S C * 1R , 1C , M S , M N )
DO 7 0 2  1 = 1 , MN  
DO 7 0 2  J  = 1 , MS 
C ( I , J ) = B I ( I , J )
C O N T I N U E
CALL DMAT ( T D , U D . 1 K » I C , M S , M N )
P R I N T  4 0  1 ,  < ( A A ( I , J  ) , J = 1 , M N ) , 1 = 1 , MS)
P R I N T  4  0 2 ,  ( ( A B ( I , J  ) , J = 1 , M N ) ,  1 = 1 , MS)
P R I N T  4 0 3 ,  ( < A C ( I , J ) ,  J = 1 , M N ) ,  1 = 1 , MS)
P R I N T  4 0 4 ,  ( ( 3 ( I ♦ J ) ,  U = 1 , M S ) ,  I = 1 , M N )
P R I N T  4  0 5 ,  < < C C I , J ) ,  U = 1 , M S ) ,  I = 1 , M N )
P R I N T  4  0 6 ,  < ( D ( I , J ) ,  U = 1 » M S ) , I = 1 , M N >
F I R S T  S T A G E  S O L U T I O N  -  FRAME E Q U I L I B R I U M  E Q U A T I O N S  AND  
SOLVE F OR  D E F L E C T I O N S  
DO 7 0 5  1 = 1 , MS 
DO 7 0 5  J = 1 » MS 
A ( 1 , J  ) = 0 . 0
DO 7 0 5  N = 1 , M N
A ( J i J )  = A ( 1 » J  > +  C A A ( I , N ) * B  C N , J ) * D X  < N ) / D X A ) + ( A 3 (  I , N ) * C  < N . J ) 
* D Y  ( N ) / D X A  ) — ( 2  • 0-8-AC ( I , N )  * D  ( N , J  ) * D X Y  CN ) / D X A  )
C O N T I N U E  
DO 7 0 6  I = 1 , MS 
DO 7 0 6  J = 1 , MS





A ( I » J ) = AC I , J ) * ( H X * * 4 )
7 0 6  C O N T I N U E
P R I N T  4 0 7 ,  { ( A ( I « J ) * U = 1 , M S ) »  1 = 1 , MS)
C ALL  M I NV ( A » M S , D T R M , L Z , M Z )
DO 7 0 7  1=1 * MS 
DO 7 0 7  J = 1 » M S  
A C I i J  ) = A(  I , J ) * ( H X * * 4 )
7 0 7  C O N T I N U E
P R I N T  4 1 1 i ( ( A ( I » U ) « J = 1 i M S ) » 1 = 1*  M S )
P R I N T  4 1 3 *  DTRM
C A L L  D E F L E C  ( A W t A . R H S i M S )
C C A L C U L A T E  MOMENTS AT A L L  G R I D  P O I N T S  AND COMPL ET E
C F I R S T  ST A GE S O L U T I O N
C A L L  MXYXY CAW, A M X , A M Y , A M X Y , MS * M N * 1 , D X , D Y * D X Y , D X A )
C A L L  M 1 M 2 F I  ( AMX , AMY , A M X Y , A M 1 , AM2 * F I R  * M N )
C ALL  B E T A S I  ( AM 1 , A M 2 , F I R , A MU , B E T A «M N )
DO 7 1 0  1 = 1 ,  MN
I F  ( A M I ( I )  . E Q .  0 . 0 )  GO TO 7 0 8
A Q Y L D C I  > = B E T A C I )  /  AM 1 < I )
GO TO 7  10
7 0 8  A Q Y L D C I )  = 5 0 0 0 . 0  
7 1 0  C O N T I N U E
P R I N T  4 1 5
P R I N T  4 5 0 ,  C C I ,  AQYLDC I ) ) ,  I = 1 , MN >
S F I N  = 1  1 0 0 . 0 0
CALL L E A S T  C A Q Y L D , M N , K Y , Q M I N I , K K Y , Q 2 , S F I N ) 
i< ( 1 ) = KY
KI< C 1 ) = KKY
P R I N T  4 1 8 ,  ( K ( I ) ,  1 = 1 , 1 )
ALOAD = Q M i N I  
F L O A D ( 1 )  = Q M I N I
DO 7 1 1  I = 1 , MS 
AWC I ) = AVI C I ) *  Q M I N I
71  1 C O N T I N U E
D E L T A C 1 ) = AW CMS)
DO 7 1 2  1 = 1 (MN  
A M X ( I ) = A M X ( I ) *  Q M I N I  
A M Y ( I ) = AMY < I ) *  Q M I N I  
A M X Y ( I ) =  A M X Y C I ) *  Q M I N I  
F I D  = F I R C  I ) *  1 8 0 • 0 / P I  
7 1 2  C O N T I N U E
S T A R T  SECOND AND SUBSEQUENT S T A G E S S O L U T I O N  AND R E P E A T  
T I L L  THE SLAB I S  CONVERTED I N T O  C O L L A P S E  M E C H A N I S M  
DMAX = 1 0 . 0  *  AW CMS)
DO 8 0 0  I S = 2 , MN
I F  CAW( MS)  . G E .  DMAX)  GO TO 8 1 0
CHANGE MOMENT D E F L E C T I O N  R E L A T I O N S  FOR' Y I E L D E D  P O I N T S  
AND FRAME NEW E Q U I L I B R I U M  E Q U A T I O N S  
C ALL  MWREL CAMX, A M Y , A M X Y , I R , I C , M S , M N , K Y , A M U , F I R ,
1 S I R , Y L D , A M I , A M 2 , A M P X , A N U , D X , D Y , H X , H Y )
I F  ( KKY . G T .  MN)  GO TO 7 2 0
CALL  MWREL ( A M X , A M Y , A M X Y , I R , I C , MS » M N , K K Y , A M U , F 1R ,
1 S I R , Y L D , A M I , A M 2 , A M P X , A N U , D X , D Y , H X , H Y )
7 2 0  C O N T I N U E
C A L L  U P D A T E  ( A M X , F C , w 1 , E F F D L , H , E C , T Y L , A T L , E S , A M , C M A X L , 
1E 8 S I Z , M N , A M C L , A M Y L , A M U L , D X , A N U , A M R L )
CALL  U P D A T E  <A M Y , F C , W I , E F F D U , H , E C , T Y U , A T U , E S , A M , C M A X U , 
1 E B S I Z , M N , A M C U , A M Y U , A M U U , D Y , A N U , A M R L )
DO 8 5 0  I = 1 , MN
D X Y ( I ) = C1 . 0 - A N U > * ( S Q R T C 0 X C I ) * D Y C I ) ) ) / 2 . J
8 5 0  C O N T I N U E
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DO 7 2 1  I = 1 . MS  
DO 7 2 1  J = 1 . MS 
AC I , J 1 = 0 . 0
DO 7 2 1  N =1 * MN
A ( I . J  ) = AC I . J ) + < A A (1 i N l * 6 ( N » J ) * DXC N ) / D X A ) + ( A S ( I . N ) * C ( N i J )
1 * D Y ( N ) / D X A ) - C 2 . 0 * A C ( I , N ) * 0 CN. J >* D X Y C N ) / O X A  1
7 2 1  C O N T I N U E
DO 7 1 5  1 = 1 . MS 
DO 7 1 5  J = 1 . M S  
A C I . J )  = A < I , J ) * ( H X * * 4 )
7 1 5  C O N T I N U E
P R I N T  4  0 7 .  ( ( A C I . J ) .  J = 1 « M S ) «  1 = 1 . M S )
CA L L  M I N V  ( A , M S . D T R M . L Z . M2)
DO 7 1 6  I = 1 . MS 
DO 7 1 6  J = 1 . MS 
A C I . J )  = A ( I ♦ J ) * C H X * * 4 )
7 1 6  C O N T I N U E
P R I N T  4 1 1 .  ( ( AC I «J )  . J = 1 . M S )  . I = 1 . M S )
P R I N T  4 1 3 .  DTRM
I F  C DTRM . E Q .  0 . 0 )  GO TO 8 1 0  
CALL D E F L E C  ( 3 W . A . R H S . M S )
CALL  MXYXY ( 6 W. B M X «B M Y , B M X Y . M S . M N . I S . D X . D Y t D X Y . D X A )
C C A L C U L A T E  LOAD I N C R EME N T  FOR T H I S  STAGE
CALL ORTHOS ( AiMX . AMY . AMXY , BMX »3MY » BMXY . ALOAD . AMU . SF I N . MN . K . Ki< ) 
DO 9 0 0  I = 1 .MN
A M X ( I ) = A M X C I ) + B M X C I ) * S F I N  
AMY C l )  = A M Y ( I ) + B M Y C 1 ) * S F I N  
AMXY C l )  = AMXY C I ) + B M X Y ( I ) * S F I N
9 0 0  C O N T I N U E
CALL M 1M 2 F I  ( A M X . A M Y . A M X Y . AM 1 « A M 2 . F I R . M N )
CALL  B E T A S  I ( AM1 , A M 2 . F I R . A M U . 3 E T A . M N )
DO 9 2 0  I = 1 .MN
I F  C A M 1 C I )  . E Q .  0 . 0 )  GO TO 9 1 6  
DO 9 0 1  J  =1 . MN
I F  Cl  . E Q .  K C J ) ) GO TO 9 1 0
I F  Cl  . E Q .  K K C J ) )  GO TO 9 1 0
9 0 1  C O N T I N U E
D I F C I )  = 3 E T A C I )  -  AM 1 ( 1 )
GO TO 9 2 0
9 1 0  I F  ( B M X ( I ) . E Q .  0 . 0 )  GO TO 9 1 5  
D I F C I )  = 1 . 0 0  -  A M X C I )
GO TO 9 2 0
9 1 5  I F  ( B M Y ( I ) ) 9 1 2 . 9 1 1 . 9 1 2
9 1 1  D I F C I ) = 5 0 0 . 0 0
GO TO 9 2 0
9 1 2  D I F C I )  = AMU -  AMY C I )
GO TO 9 2 0
9 1 6  D I F C I ) = 1 0 0 . 0 0
9 2 0  C O N T I N U E
P R I N T  4 4 9
P R I N T  4 5 0 .  ( ( I .  D I F C I ) ) .  i = 1 » M N )
CALL L E A S T  ( D I F . M N , K Y , D I F M »K K Y , Q 2 . S F I N )
K C I S ) = K Y  
KK C I S ) = KKY
P R I N T  4  1 8 .  ( K C I ) ,  1 = 1 , I S )
ALOAD = ALOAD + S F I N  
F L O A D C I S )  = ALOAD  
DO 7 2 3  I = 1 .MS  
AW C I ) = AW C I ) +BW C I ) * S F I N  
7 2 3  C O N T I N U E
D E L T A ( I S )  = A W( MS )
















4 0 7  
41  1 
4 1 3  
4 1 5  
4 1 8  
4 2 4
4 4 9
4 5 0  
4 5 5
DO 7 2 4  1 = 1 , MN
F I D  = F I R ( I ) * 1 8 0 . O / P I
C O N T I N U E
C O N T I N U E
P R I N T  OUT SUMMARY OF R E S U L T S  
DO 7 3 0  J = 1 , 3
P R I N T  4 5 5 *  A N U , A M U * A M R L * D X A  
P R I N T  3 9 0  
DO 8 6 0  M = 1 ,  1R
P R I N T  3 0 1 ,  ( I P ( M , N )  * N = 1 * I C )
C O N T I N U E  
P R I N T  4 6 0  
DO 7 3 0  1 = 1 , MN
I F  ( D E L T A C I )  . E Q .  0 . 0 )  GO TO 7 3 0  
I F  ( I  . E Q .  2 4 )  P R I N T  4 7 0  
I F  ( K K ( 1 )  . G T .  MN)  GO TO 7 3 2
P R I N T  4 6 1 ,  I ,  K ( 1 ) , KK ( I ) * F L 0 A D C 1 ) ,  Dc.LT A ( I )
GO TO 7 3 0
P R I N T  4 6 2 ,  I ,  K ( I ) »  F L O A D ( I ) ,  D E L T A < I )
C O N T I N U E
FORMAT < / 1 2 X , 1 5 1 4 )
FORMAT ( / / / 7 X ,  ©MESH P O I N T  N U M B E R S ® / ' )
FORMAT ( / / / 7 X »  © P O I N T S  I N  E X T E N D E D  M E S H © / )
FORMAT ( / / / 7 X ,  © M A T R I X  AA I S ©  / /  ( 9 X * 1 5 F 8 . 2 ) )
FORMAT < / / / 7 X ,  © M A T R I X  AB I S ©  / /  ( 9 X , 1 5 F 8 . 2 ) )
FORMAT ( / / / 7 X ,  © M A T R I X  AC I S ©  / /  ( 9 X , 1 5 F 8 . 2 ) )
FORMAT < / / / 7 X ,  @MA T R I X  B IS@ / /  ( 9 X , 1 5 F 8 . 2 > >
FORMAT < / / / 7 X *  © M A T R I X  C I S ©  / /  ( 9 X * 1 5 F 8 . 2 ) )
FORMAT ( / / / 7 X ,  © M A T R I X  D I S ©  / /  C 9 X * 1 5 F 8 . 2 ) >
FORMAT < / / / 7 X »  © M A T R I X  A I S ®  / /  ( 9 X  * 1 OF i 1 . 2  ) )-
FORMAT < / / / 7 X *  © I N V E R S E  OF M A T R I X  A I S @ / / ( 9 X , 1  OF 1 1 . 5 )  )
FORMAT ( / / / I X  * © D E T E R M I N A N T  I S © *  E 2 0 . 8 )
FORMAT < / / / 7 X , © F I R S T  QY L D S A R E ® / / ( 5 ( 1 1X , © P O I N T @ , 3 X , @ Q Y L D © ) ) / )  
FORMAT ( / / / 7 X , © S EQUENCE  OF Y I E L D I N G  IS@ / / C12 X , 2 0  I 5 / )  )
FORMAT ( 1 2 X * 1 3 ,  5 F 1 2 . 4 ,  F I  2 . 2 )
FORMAT ( / / / 7 X * © V A L U E S  OF D I F S  A R E © / / ( 5 ( 9 X , @P01 N T © * 7 X , @ D I F @ ) ) / )  
FORMAT ( 5 ( 1  O X ,  1 4 ,  F I  1 . 4 ) )
FORMAT < @ 1 © , / /  1 2 X , © E L A S T I C - P L A S T I C  S O L U T I O N  OF R C S L A S @ /
1 1 4 X , © S Q U A R E  OR R E C T ,  S S E D GE S*  U D L © / / /
2  2 1 X , © A N U © , 5 X , ©AMU© * 8 X * © A M R L © , 1 2 X , © D X A © / / 16 X , 2 F 8 . 2 , 2 E 1 6 . 6 )
@* 6X , @I<©,6 X * ©KK© , 4 X  * ©LOAD© , 7X  * @D E L T A @ /  ) 
F 9 . 2 ,  F 1 2 . 4 )
8 X , F 9 . 2 ,  F 1 2 . 4 )
4 6 0  FORMAT ( /  8 X, @NO.
4 6 1  FORMAT < 2 X ,  3 1 8 ,
4 6 2  FORMAT <2 X , 2  1 8 ,
4 7 0  FORMAT <@1®>
1 0 0  FORMAT ( 7 1 4 )
STOP
END
S U B R O U T I N E  PROGRAM TO COMPUTE RES I ST  I NG MOMENT V A L U E S  
S U B R O U T I N E  MTS ( F C , B , E F F D L , E F F D U , H , E C , T Y L , T Y U , A T L , A T U * 
3 E S *  AM * CMAXL * C M A X U , E B S I Z , A N U , D X A , D Y A , DXYA * A MC L , AMCU *
2  A M Y L , A MY U * A M U L , r tMUU, A M R L , A M U )
D I M E N S I O N  A L < 4 ) ,  B L ( 4 ) ,  A U ( 4 )  , B U ( 4 )  , R R ( 3 )  , R l ( 3 >
H = 1 . 5 0 0  
3  =  1 2 . 0 0  
ES = 2 9 . 0 * 1 0 . 0 * * 6  
COVER = 3 . 0 / 1 6 . 0  
P I  = 3 . 1 4 1 5 9 2 6 5  
T Y L  = 3 2 0 0 0 . 0  
T Y U  = 3 2 0 0 0 . 0
READ 1 0 0 ,  F C ,  D I A L ,  S P L , D I A U ,  SPU  
P R I N T  2 0 0 ,  F C .  D I A L ,  S P L *  D I A U ,  SPU
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1 0 0  FORMAT ( F 1 0 . l i  4 F 1 0 . 4 )
2 0 0  FORMAT ( / S X i  F 1 0 . l i  4 F 1 0 . 4 / )
I F  ( D I A L  . L T .  0 . 1 5 0 )  T Y L = 3 6 5 0 0 . 0  
I F  ( D I A U  . L T .  0 . 1 5 0 )  T Y U = 3 6 5 0 0 . 0  
F T  = 4 0 0 . 0
A T L  = P I * ( D I A l _ * * 2 ) * 1 2 . 0  / ( 4 . 0 * S P L )
E F F D L  = 1 . 5  -  COVER - ( D I A L / 2 . 0 )
ATU = P I * ( D 1 A U * * 2 ) * 1 2 . C  /  ( 4 . 0 * S P U )
E F F D U  = 1 . 5 0  -  COVER -  D I A L  -  ( D I A U / 2 . 0 )
EC = ( 1 . 8 * 1 0 . 0 * * 6 ) + ( 4 6 0 . 0 * F C )
AM = E S / E C
CGEL = ( ( B * H * H / 2 . 0 ) +  ( A T L * ( A M - 1 . 0 ) * ( C O V E R + D I A L / 2 . 0 ) ) )
1 /  ( ( B * H )  +  ( A T L *  ( AM— 1 . 0 ) ) )
A I L  = ( B * H * H * H / 1 2 . 0 )  +  ( B * H * ( H / 2 • 0 —C G E L ) * * 2 )  +
1 ( A T L * ( A M - 1 . 0 ) * ( C G E L - C O V E R - D I A L / 2 . 0 > * * 2 )
AMCL = F T * A  I L / C G E L
CGEU = ( ( B * H * H / 2 . 0 >  +  ( A T U * ( A M - 1 . 0 ) * ( C O V E R + D I A L + D I A U / 2 . 0 ) ) )
1 /  ( ( B * H )  +  ( A T U * ( A M - 1 . 0 ) ) )
A I U = ( B * H * H * H / 1 2 . 0  ) + ( B * H *  ( H / 2  » O - C G E U  ) * * 2  ) +
1 ( A T U * ( AM—1 . 0 ) * ( C G E U - C O V E R —D I A L - D I A U / 2 . 0 > * * 2 )
AMCU = F T * A  I U / C G E U
A L ( 1 )  = 3 . 4 0 * F C * A T L * ( A M * E F F D L > * * 2
V U ( 1 )  = 3 . 4 0 * F C * A T U * ( A M * E F F D U ) * * 2  
A L ( 2 )  = - 6 . 8 0 * F C * A T L * E F F D L * ( A M ) * * 2  
A U ( 2 )  = - 6 . 8 0 * F C * A T U * E F F D U * ( A M ) * * 2
A L ( 3 )  = ( 3 . 4 U * F C * A T L * A M * * 2 >  -  ( 6 . 8 * F C * A M * 3 * E F F D L / 3 . 0 )
A U ( 3 )  = ( 3 • 4 0 * F  C * A T U * A M * * 2 )  -  ( 6 . 8 * F C * A M * B * E F F D U / 3 . 0 )
A L ( 4 )  = ( 6 • 8 * F C * A M * 8 / 3 . 0 )  + ( 2 . 0 * 6 * T Y L / 3 . 0 )
A U ( 4 )  = ( S • 8 * F C * A M * B / 3 • 0 )  + ( 2 . 0 * B * T Y U / 3 . 0 >
E B S I Z  = 1 . 7 0 * F C / E C
CMAXL = E F F D L * E B S I Z / (  ( T Y L . / E S  ) + E 3 S  I Z )
CMAXU = E F F D U * E B S I Z / ( ( T Y U / E S ) + E B S I Z )
C A L L  P O L R T  ( A L 1Q L i 3 i R R i R I . 1 E R )
C = 1 0 . 0
DO 4 0 0  I = 1 i 3
I F  ( R I ( I ) . N E .  0 . 0 )  GO TO 4 0 0
I F  ( R R ( I ) . G T .  CMAXL)  GO TO 4 0 0
I F  ( R R ( I ) . L T .  0 . 0 )  GO TO 4 0 0
C = R R ( I )
4 0 0  C O N T I N U E
I F  ( C  . G T .  H )  GO TO 4 0 5
AMYL = A T L * T Y L * ( E F F D L —( 3 • 0 * C / 8 . 0 ) )
GO TO 4 0 9  
4 0 5  P R I N T  2 1 0 i C
2 1 0  FORMAT ( , / 7 X i  ©VALUE OF C I S @ i  F 8 . 2 / )
4 0 9  C A L L  P O L R T  <A U i B U i 3 , R R , R I , I E R >
C = 1 2 . 0 0
DO 4  10  1 = 1 . 3
I F  ( R I ( I ) . N E .  0 . 0 )  GO TO 4 1 0  
I F  ( R R ( I ) . G T .  CMAXU)  GO TO 4 10  
I F  ( R R ( I ) . L T .  0 . 0 )  GO T 0 ' 4 1 0  
C = R R ( I )
4 1 0  C O N T I N U E
I F  ( C  . G T .  H )  GO TO 4 1 5
AMYU = A T U * T Y U * ( E F F D U —( 3 • 0 * C / 8 • 0 ) >
GO TO 4 1 9  
4 1 5  P R I N T  2 1 0 ,  C
4 1 9  BLOCK = ( 1 6 0 0 . 0  +  ( 0 . 4 6 * F C )  -  ( F C * F C / 8 0 0 0 0 . O ) ) /
1 ( 3 9 0 0 . 0  +  ( 0 . 3 5 * F C ) >
AMUL = A T L * T Y L  *  ( E F F D L - ( B L O C K * A T L * T Y L / ( F C * 1 2 . 0 ) ) )
AMUU = A T U * T Y U  *  ( E F F D U - ( B L O C K * A T U * T Y U / ( F C * 1 2 . 0 > ) >
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AMU = A M U U / A M U L  
P R I N T  2 2 0 *  A M C L i  AMCU 
P R I N T  2 2 0 *  A M Y L i  AM YU 
P R I N T  2 2 0 ,  A H U L i  AMUU * AMU 
2 2 0  FORMAT ( /  1 0 X ,  3 F 1 0 . 2  / >
DXA = E C * A I L / ( 1 , 0 - A N U * * 2 )
DYA = E C * A I U / C  1 . 0 - A N U * * 2 )




C S U B R O U T I N E  PROGRAM TO CHANGE THE S T I F F N E S S  V A L U E S  I N
C EV E R Y  STAGE OF L O A D I N G
S U B R O U T I N E  U P D A T E  ( A M X , F C , B , D , H * E C , F Y , A S i E S , A M , C M A X ,
1 E B S I Z  * MN , AMC , AMY , AMU , DX , A N U , A M R L )
D I M E N S I O N  A M X ( 7 0 ) ,  D X ( 7 0 )
D I  MENS I O N  A ( 5 ) , 2 ( 5 )  »R R ( 4 ) , R I  ( 4 ) » P ( 6 ) , Q ( 6 > , R R P ( 5 ) , R I P ( 5 )  , E B ( S )  
C HERE AMU I S  THE VA L U E OF U L T I M A T E  MOMENT
DO 1 0 0 0  1 = 1 , M N
AMN = A M X C I ) * A M R L  
I F  ( AMN . L E .  AMC)  GO TO 4 0 0
I F  ( AMN . G T .  AMC . A N D .  AMN . L E .  AMY )  GO TO 5 0 0
I F  ( AMN . G T .  AMY . A N D .  AMN . L T .  AMU)  GO TO 6 0 0
I F  (AMN. . G E .  AMU)  GO TO 7 2 1
4 0 0  GO TO 1 0 0 0
5 0 0  A ( 1 ) = - 3 . 4 0 * F C * D * C  A S * A M * D ) * * 2
A ( 2 )  = + 3 .  4 0 *  1 9 .  0 * F C *  ( A M * A S * D  ) * * 2 / 8  • O
A ( 3 )  = + ( 6 . 8 0 * F C * A S * 6 * A M * D * * 2 / 3 . 0 > — ( 1 1 . 9 0 * F C * D * ( A S * A M ) * * 2 / 2 . 0  >
A ( 4  ) = ( 5 .  1 0 * F C * C A S * A M ) * * 2 / 4 . 0 ) - (  1 8 . 7 * F C * A S * B * D * A M / 6 . 0 )
1 - ( 2 . U * B * A M N / 3 . 0 )
A ( 5  > = 1 . 7 * F C * A S * 6 * A M / 2 . 0
C A L L  P O L R T  ( A , 2 , 4 , R R , R I , I E R )
C = 1 0 , 0  
DO 5 0 1  J = 1 , 4
I F  ( R I ( J ) . N E .  0 . 0 )  GO TO 5 0 1  
I F  ( R R ( J )  . G T .  CMAX)  GO TO 5 0 1  
I F  C R R ( J )  . L T .  0 . 0 )  GO TO 5 0 1  
C = R R ( J >
5 0 1  C O N T I N U E
I F  ( C  . G T .  H )  GO TO 5 1 0
F S = A M N X C A S * C D - ( 3 . 0 * C / 8 . 0 ) ) )
FCC = A S * F S * 1 . 5 0 / ( B * C >
E B S I C  = F S * C / ( E S * ( D - C ) )
GO TO 9 9 9  
5 1 0  P R I N T  5 2 0 ,  C
5 2 0  FORMAT ( / 7 X .  ©VALUE OF C I S ® ,  F 8 . 2 / )
GO TO 1 0 0 0  
6 0 0  C = ( 8 . 0 / 3 . 0 ) * ( D - ( A M N / ( A S * F Y ) ) )
FCC = 1 . 5 * A S * F Y / ( d * C )
P Q 5 F C  = 0 , 8 5 * F C
I F  ( F C C  . G T .  P 8 5 F C ) GO T O ' 7 0 0  
AA = 0 . 8 5 * F  C 
A3  = - 1 . 7 * F C * E 3 S 12  
AC = F C C * ( E B S I  2 * * 2 )
E B S I C 1 = ( —A b + S Q R T ( ( A B * * 2 ) —( 4 • 0 * A A * A C ) ) ) / ( 2 . 0 * A A )
E 3 S I C 2  = ( - A 3 —S O R T ( ( A 3 * * 2 ) - ( 4 . 0 * A A * A C ) ) ) / ( 2 . 0 * A A )
I F  ( E B S I  Cl  . G T .  0 . 0  . A N D .  E B S I C 1  . L T .  E B S 1 2 )  GO TO 6 1 0  
I F  ( E 3 S 1 C 2  . G T .  0 . 0  . A N D .  E 3 S I C 2  . L T .  E B S 1 2 )  GO TO 6 1 1
6 1 0  E B S I C  = E B S I C 1 
GO TO 9 9 9
6 1 1  E B S I C  = E B S I C 2
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GO TO 9 9 9
, 7 0 * F C / E C > )7 0 0  TANT H = ( 0 . 1 5 * 0 . 8 5 * F C > / ( 0 . 0 0 3 8 - ( 1
A 1 = - T A N T H
A2 = C 0 . 8 5 * F C ) + C 1 . 7 0 * F C * T A N T H / E C )
B 1 = a s * f y
B2 = 1 . 7 0 * F C * B * E 3 S I Z / 3 . 0
8 3 = B* C C O . 8 5 * F  C ) + A 2 ) / 2 • 0
14 = 3 * A 1/ 2 . 0
3 5 = EBS I Z
C l = B 1
C2 = B 2 - C B 3 * B 5 )
C3 = B 3 - ( B 4 * B 5 )
C4 = B4
D 1 = A 2 + ( 1 • 7 0 * F  C )
D2 = A 2 +  ( 0 . 8 5 * F C  >
E l = —AMN* A1
E 2 = - A M N * D 2
E 3 = C C 2 ) * * 2
E4 = ( C 3 ) **2
E 5 = C C 4 )**2
E 6 = 2 . 0 * C 2 * C 3
E 7 = 2 . 0 * C 3 * C 4
E 8 = 2 . 0 * C 2 * C 4
F I = B 2 * C 1 * A 1
F 2 = B 2 * C 1 * D 2
F 3 = C D * C 2 ) + ( 5 . 0 * E B S I Z * C 1 / 8 • 0 )
F 4 = C D * C 3 ) - C l
F 5 = D * C 4
G 1 = D * C 1
G2 = C 2 * D 2
G3 = C A 1 * C 2 ) + C C 3 * D 2 )
G4 = C A 1 * C 3 ) + ( C 4 * D 2 )
G5 = A 1 * C 4
G6 = B 3 - C 3 4 * B 5 )
G7 = B4
G8 = —3 3 * 3 5
H I = -C C l * * 2 ) / 3 . 0
H2 = D 1 — C A 1 * E 3 S I Z )
H3 = A 1
H4 = —D 1 * E B S I Z
PC 1 ) = C E 2 * E 3 ) + ( F 2 * F 3 ) + C G 1 * G 8 * G 2 )
P ( 2 ) = ( E 1 * E 3 ) + C E 2 * E 6 ) + ( F 1 * F 3 ) + ( F ,
1 +  C H 1 * G 6 * H 4 ) +  ( H 1 * G 8 * H 2 )
P ( 3 ) = ( E 1 * E 6 ) + ( E 2 * E 4 ) + C E 2 * E 8 ) + < F
1 + C G I * G 7 * G 2 ) + C G I * G 8 * G 4 J  +  CH1
P C 4 ) = C E 1 * E 4 ) + C E l * E 8 ) + C E 2 * E 7 ) + C F
3 + CG l ' * G 7 * G 3  ) +  C G 1 * G 8 * G 5  ) +  C111
P C 5 ) = C E 1 * E 7 ) + C E 2 * E 5 ) + C G 1 * G 6 * G 5 >
P ( 6 ) = < E 1 * E 5 ) + ( G 1 * G 7 * G 5 )
C A L L  PO L R T  ( P i Q i 5 i R R P i R I P i I E R P )
DO 7 0 1  J = 1 , 5
ES  < J ) = 0 . 0 0
I F  ( R I P ( J )  . N E .  0 . 0 >  GO TO 7 0 1
I F  ( R R P ( J )  . G T .  0 . 0 0 3 8 0 )  GO TO 7 0  1
I F  ( R R P ( J )  . L T .  E S S I Z )  GO TO 7 0 1
E L3 C J  ) = R R P ( J )
7 0 1  C O N T I N U E
E S S I C  = E B (  1 )
DO 7 0 5  J = 2 i 5
I F  ( E B C J )  . L T .  E B S I C )  E B S I C = E 3 C J )  
7 0 5  C O N T I N U E
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I F  C E 3 S I C  . G T .  1 . 0 )  GO TO 7 2 1
FCC = ( 0 . 3 5 * F C  ) + ( 1 . 7 0 * F C * T A N T H / E C  ) -  ( T A N T H * E 3 S I  C)
C = ( C l  * E 3 S  I C ) /  ( ( C 2  ) +  ( C 3 * E B S  I C ) +  ( C 4 * E G S  I C * # 2  ) )
GO TO 9 9 9  
7 2 1  E B S I C  = 0 . 0 0 3 0 0 0
FCC = ( 0 . 8 5 * F C  ) + ( 1 . 7 0 # F C * T A N T H / E C  > -  ( T A N T H * E l1S I C )
C = ( C 1 * E 3 S I C ) / C ( C 2 ) + ( C 3 * E S S I C ) + C C 4 * E B S I C * * 2 ) >
9 9 9  EUP = F C C / E B S I C  
AMUP = E S / E U P
A1UP = ( B * C * C * C / 3 . 0 ) + A S * A M U P * ( D - C ) * * 2
D X ( I ) = E U P * A I U P / C  1 . 0 - A N U * * 2 )
1 0 0 0  C O N T I N U E  
RETURN  
END
C S U 3 R 0 U T I N E  PROGRAM TO GENERAT E M A T R I X  AA
S U B R O U T I N E  AAMAT ( P i Q i  I R t  I C  » MS t M N )
D I M E N S I O N  I P ( 1U i 7  > * I P E ( 1 2 . 9 )  * A A ( 5 4 . 7 0 )
COMMON / C l / I P * I  PE / C 2 / A A
COMMON / C 2 0 / I R 1  ♦ I C l  * I RE * I C E * I RE 1 * I C E 1 «MNE*  I S Q R E C  
DO 2 5  1 =1  * MS 
DO 2 5  J = 1 ♦ MN 
A A ( I ♦ J ) = 0 . 0  
2 5  C O N T I N U E
I F  ( I C  . L E .  3 )  GO TO 1 0 0  
DO 3 0  M = 2 * I R  
DO 3 0  N = 2  * I C 1
I F  ( I P ( M . N )  . G T .  MS)  GO TO 3 0  
AA ( I P ( M * N ) . I P ( M * N ) ) = P
A A ( I P ( M * N ) * I P ( M . N - 1 ) ) =Q 
AA ( I P ( M * N ) i I P ( M i N-t- 1 ) ) = Q 
3 0  C O N T I N U E  
10 0  DO 3 2  M = 2  * I R  
N= I C
AAC I P ( M . N )  * I P ( M i N ) ) = P  
A A ( I P ( M * N ) . 1P ( M * N - 1 ) ) =  Q+Q 
3 2  C O N T I N U E  
RETURN  
« END
C S U B R O U T I N E  PROGRAM TO GE NE R AT E M A T R I X  Ad
S U B R O U T I N E  A6 MAT ( P . Q * I R . I C * MS * M N )
D I M E N S I O N  I P ( 1 0 * 7 ) «  I P E ( 1 2 * 9 ) »  A B ( 5 4 * 7 0 )
COMMON / C l / I  P . I  PE / C 3 / A G
COMMON / C 2 0 / I R 1  * I C 1 , I R E . I C E * 1 RE 1 ,  I C E 1« MNE * I S Q R E C  
DO 2 5  1 = 1 . M S  
DO 2 5  J = 1 * MN 
ABC I * J ) = 0 . 0  
2 5  C O N T I N U E
I F  ( I R  . L E .  3 )  GO TO 1 0 0  
DO 3 0  M = 2 . I R 1 
DO 3 0  N = 2 , I C
I F  ( I P ( M * N ) . G T .  MS )  GO TO 3 0  
A B C I P ( M . N ) * I P C M . N ) ) = P  
A B ( I P ( M , N ) * I P ( M- 1 , N ) ) =  Q 
A S ( I P ( M i N ) . I P ( M + 1 * N ) ) =  Q
3 0  C O N T I N U E
1 0 0  DO 31  N = 2 * I C  
M= I R
I F  C I P C M . N )  . G T .  MS)  GO TO 31  
AB ( I P ( M i N ) * I P ( M * N ) ) = P
ABC I P ( M i N )  . I P C M - 1 * N > ) =Q+Q
31  C O N T I N U E
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RE T URN
END
C S U B R O U T I N E  PROGRAM TO GE NE RAT E M A T R I X  AC
S U B R O U T I N E  ACMAT C T , U , I R , 1 C , M S , M N )
D I M E N S I O N  I P ( 1O i 7 ) ,  I P E ( 1 2 * 9 )  , A C ( 5 4 , 7 0 ) .  A C I ( 7 0 , 1 0 8 )  
COMMON / C l / I P , I  PE  / C 4 / A C  / C l O / A C I
COMMON / C 2  0 / I R 1  , I C1  , I R E ,  I C E ,  I RE 1 , I C E 1 , M N E , I S Q R E C  
DO 2 0  1 = 1 , MN
DO 2 0  J = 1 , MNE 
AC I ( I , J ) = 0 . 0
2 0  C O N T I N U E
DO 2 1  M = 3 ,  I RE 1 
DO 21  N = 3 ,  1C E 1
I F  ( I P E ( M , N ) . G T .  M S ) GO TO 2 1
AC I (• I PE ( M , N ) , I P E  ( M— 1 , N — 1 ) ) =U  
AC I ( I P E ( M , N ) , I P E ( M—1 , N + 1 ) ) =T  
AC I < I PE ( M , N ) , I PE  < M-r 1 , N -  1 ) ) - T  
A C I ( I P E C M . N ) , I P E C M + l , N + 1 ) >=U
21  C O N T I N U E
DO 3 0  I = 1 . M S  
DO 3 0  N = 1 * I C E
A C I  ( I , I P E C 3 . N )  ) = A C I  ( I , I P E ( 3 , N )  ) +  AC I ( I , I P E < 1 . N ) )
AC I ( I , I P E ( I R E - 2 , N ) ) = AC I ( I ,  I P E ( I R E - 2 , N > ) - A C  I ( I , I P E ( I R E ♦ N ) )
3 0  C O N T I N U E
DO 31  1 = 1 , MS
DO 31  M = 2 , I RE 1
A C I  ( I , I PE C M , 3 )  ) = A C I  ( I . I P E C M , 3 )  ) +  AC I ( I , I P E ( M , 1  ) )
A C I  ( I , I PE CM, I C E - 2 )  ) = A C I C I , I P E C M ,  I C E - 2 )  ) - A C I ( I , I P E C M , I C E )  )
31  C O N T I N U E
DO 5 0  I = i , MS 
DO 5 0  J = 1 , MN 
\ C (  I , J )  = A C I  ( I ♦ J )
5 0  C O N T I N U E  
R E T URN  
END
C S U B R O U T I N E  PROGRAM TO GE NE RAT E M A T R I C E S  B AND C
S U B R O U T I N E  b CMAT ( P , Q , S , I R , I C , M S , M N )
D I M E N S I O N  I P ( 1 0 , 7 ) ,  I P E C 1 2 . 9 ) ,  3 1 ( 7 0 , 1 0 8 )
COMMON / C l / I P , I P E  / C I O / B I
COMMON / C 2 0 / I R 1  , I C 1 , I R E , I C E * I RE 1 ,  I C E 1 , M N E , I S Q R E C  
DO 2 0  1 = 1 , MN 
DO 2 0  J  =1 , MNE 
B I ( I , J ) = 0 . 0
2 0  C O N T I N U E
DO 2 1  M = 2 ,  1 RE 1 
DO 2 1  N = 2 ,  I C E 1 
B I  ( I P E ( M , N ) , I P E ( M , N ) ) = P  
B I  ( I P E ( M , N )  , I P E ( M , N —1 ) >=Q 
B I  ( I P E ( M , N ) , I P E ( M , N + l  ) ) =Q 
B 1 ( I P E ( M , N  > , I P E ( M - l  , N ) ) =S  
B 1 ( I P E ( M , N ) , I P E C M + l  , N )  ) = S  '
21  C O N T I N U E
DO 3 0  1 = 1 , MN
DO 3 0  N = 1 , I C E
B I  ( I  » I P E ( 3 . N )  ) = 61  C1 « 1 P E C 3 . N )  ) -  6 I (1  , I P E ( 1 , N > >
B I  ( I « I PE  C I R E - 2 , N ) ) = B I  C I , 1PE C I R E - 2  * N ) ) +  B I  ( I , I PE < I R E i N ) )
3 0  C O N T I N U E
DO 3 1  I = 1 , MN 
DO 3 1  M = 2 ,  I R E  1
B I  C I ,  I P E C M . 3 )  ) = 3 I  ( I , I PE CM, 3 )  ) -  13 I C I , I PE  ( M , 1 ) )
B I  ( I • I P E C M ,  1C E —2 )  ) = B I  C I , I P E C M , I C E - 2 ) ) - +  3  I ( I , I P E ( M . I C E ) )
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31 C O N T I N U E
I F  ( I S Q R E C  . t Q .  2 )  GO TO 4 5  
DO 4 0  1 = 1 »MN 
DO 4 0  M = 2 « I R 1 
1P1 = M + l 
JO 4 0  N = M P 1 4 1 C
B I  Cl 1 I P ( M t N )  ) = B I ( I t I P ( M , N ) )  + B I < I 4 I P ( N 4 M ) )
4 0  C O N T I N U E  
4 5  RETURN  
END
C S U B R O U T I N E  PROGRAM TO GENERATE M A T R I X  D
S U B R O U T I N E  DMAT ( T i U i I R i I C i M S i MN)
D I M E N S I O N  I P<  10 « 7 )  4 I P E ( 1 2 » 9 ) »  D ( 7 0 45 4 > 4  D I ( 7 0  4 1 0 8 )
COMMON / C 1 / I P  4 I P E  / C 7 / D  / C I O / D I
COMMON / C 2 U / 1 R 1  * I C 1 ♦ I R E ♦ I C E » I RE 1« I C E 14 M N E ♦ I S Q R E C  
DO 2 0  I = 1 , M N  
DO 2 0  J = 1 4 MNE 
D I  ( I 1 J ) = 0 . 0
2 0  C O N T I N U E
DO 21 M = 2 i I R E  1 
DO 21 N = 2 4 I C E 1 
D I  ( I P E ( M 4 N ) 4 I P E ( M—1 4 N—1 ) ) =U
D I  ( I P E ( M 4 N )4  I P E ( M - 14 N + 1 ) ) =.T
D I  ( I P E ( M 4 N 14 I P E ( M + 1 4 N - 1 ) 1 =T
D I  ( I P E ( M 4 N )  4 I P E ( M + 1 4 N + 1 ) ) =U
2 1  C O N T I N U E
DO 3 0  I = h K i N  
DO 3 0  N = 14 I C E
D I  ( I 4 I P E ( 3 4 N )  ) = D I ( I 4 I P E ( 3  4 N ) )  -  D I  < I 4 I P E ( 1 . N ) )
D I  ( I 4 I P E (1 RE—2  4N )  ) = D 1 ( I 1 I P E ( I RE—2 4 N ) ) +  D I  ( I 4 I P E ( I R E  4N ) >
3 0  C O N T I N U E
DO 31 1 = 1 4 MN
DO 31 M = 2 4  I R E  1
D I  ( I 4 I P E C M 4 3 )  ) = D I ( I 4 I P E ( M , 3 )  ) -  D I < I 4 I P E ( M 4 1)  )
D I  ( I 4 I P E ( M 4  I C E - 2 )  ) = D I  < I 4 I P E ( M 4 I C E - 2  1)  +  D I  ( I 4 I P E ( M 4 I C E ) 1
31 C O N T I N U E
I F  ( I S Q R E C  . E Q .  2 )  GO TO 4 5
DO 4 0  I = 1 4MN
DO 4 0  M = 2  4 I R 1
MP1 = M + l
DO 4 0  N = M P 1 4 I C
D I ( I 4 I P ( M 4 N ) ) = D I ( I 4 I P ( M , N ) ) +  D I ( I 4 I P ( N 4 M )>
4 0  C O N T I N U E
4 5  DO 5 0  1 = 1 4 MN
DO 5 0  J =1 4 MS 
DC 1 4J )  = D I  ( I  4J )
5 0  C O N T I N U E  
RETURN  
END
C S U B R O U T I N E  PROGRAM TO COMPUTE ANT P R I N T  THE D E F L E C T I O N S
C OF ALL G R I D  P O I N T S
S U B R O U T I N E  D E F L E C  ( XW4 A 4 RHS 4 N)
D I M E N S I O N  XU/CN>4 A ( N 4 N )
DO 7 0  I = 1 4N 
XVJ < 1 ) = 0 . 0
DO 7 0  J = 1 . N
XW ( I ) = XVJ ( I ) +  < A ( 1 4 J  ) * R H S  )
7 0  C O N T I N U E  
P R I N T  3 0
3 0  FORMAT ( / / / 7 X 4 © D E F L E C T  I ONS  A R E © / / ( 5 ( 1  OX 4 @P0 I  NT © 4 3 X  4 
1© DE F L EC T @) ) / )








P R I N T  4 0 ,  < ( I , X W ( I > ) ,  1 = 1 , N )
4 0  FORMAT ( 5 ( 1 0 X ,  1 4 ,  F 1 1 . 5 ) )
RETURN
END
S U B R O U T I N E  PROGRAM TO CAL. CULATE AND P R I N T  T HE  MOMENTS  
AT A L L  G R I D  P O I N T S
SUBROUT I NE MXYXY ( XVI , XMX , XMY , XMXY , N , NP , I S , D X » D Y , D X Y  , DXA )
D I  MENS I ON X W ( N ) , X M X ( N P ) , X M Y ( N P ) , X M X Y ( N P )
D I M E N S I O N  d  ( 7 0  , 5 4 ) ,  C ( 7 0 , 5 4 > ,  0 ( 7 0 , 5 4 )
D I M E N S I O N  D X ( 7 0 ) ,  D Y ( 7 0 > »  D X Y ( 7 0 )
COMMON / C 5 / 8  / C 6 / C  / C 7 / D
DO 10  1 = 1 , NP
X M X ( I ) = 0 . 0
X M Y ( I ) = 0 . 0
X M X Y ( I ) = 0 . 0
DO 10  J  =1 , N
X M X ( I )  = X M X C I ) + C B ( I , J ) * D X ( I ) * X U ( J ) / D X A >
X M Y ( I ) = X M Y < I ) + < C < 1 , J ) * D Y ( I > * X W < J > / D X A )
X M X Y ( I ) =XMXY C I ) +  ( D ( 1 , J ) * D X Y ( I ) * X W ( J ) / D X A )
1 0  C O N T I N U E
I F  ( I S  » G T .  1 )  GO TO 6 0  
P R I N T  5 0
5 0  FORMAT ( / / / 1 2 X , © P O I  N T ® , 6 X , © M X © , 1  O X , ©MY©, 9 X , @ MX Y @/ )
DO 3 1  I = 1 , N P
PR I NT 5 1  , 1 , X M X ( I ) , X M Y ( I ) , X M X Y ( I )
5 1  FORMAT ( 1 2 X ,  1 3 ,  3 F 1 2 . 4 )
31  C O N T I N U E
6 0  R E T U R N .
END
S U B R O U T I N E  PROGRAM TO CHOOSE M I N I M U M  V A L U E  OF LOAD  
I N C R E M E N T  TO CAUSE Y I E L D I N G  AT ANY P O I N T  
S U B R O U T I N E  L E A S T  ( X Q Y L D ,  NP , l<, QM I N I ,  K K , Q 2 , SF  I N  >
D I M E N S I O N  X Q Y L D ( N P )
Q M I N I  = X Q Y L D ( 1 )
K = 1
DO 7 0  1 = 2 , NP
I F  ( X Q Y L D ( I ) . G E .  Q M I N I )  GO TO 7 0  
Q M I N I  = X Q Y L D ( I )
K = I 
7 0  C O N T I N U E
Q2 = 3 0 0 0 . 0
KK = NP +  10
DO 101  1 = 1 , NP
I F  ( I  . E Q .  K )  GO TO 101
I F  ( Q M I N I  . N E .  X Q Y L D ( I ) )  GO TO 101
Q2 = X Q Y L D ( I )
KK = I 
101  C O N T I N U E  
P R I N T  3 0
3 0  FORMAT ( / / / 7 X , © Y I E L D I N G  W I L L  ST A R T  A T © / )
I F  ( S F I N  . G T .  1 0 0 0 . 0 )  GO TO 6 0
Q M I N I  = S F I N  
6 0  P R I N T  3 1 ,  K ,  Q M I N I
31  FORMAT ( 1 2 X ,  © P O I N T © ,  1 3 ,  8 X , ©AT L OAD@, F I  0 . 5 )
I F  ( KK  . E Q .  ( N P + 1 0 ) )  GO TO 1 0 5
P R I N T  1 3 5 ,  KK
1 3 5  FORMAT ( / / 1 2 X , © A T  SAME LOAD Y I E L D I N G  ALSO S T A R T S  AT P O I N T © , 1 4 )  
GO TO 2 0 0  
1 0 5  P R I N T  1 4 0
1 4 0  FORMAT ( / / 1 2 X ,  ©NO OTHER P O I N T  Y I E L D S  I N  T H I S  STAGE© )
2 0 0  RETURN
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END
c  S U B R O U T I N E  PROGRAM TO M O D I F Y  M A T R I C E S  t i t  c  AND D TO ACCOUNT
C FOR CHANGE I N  MOMENT D E F L E C T I O N  R E L A T I O N S
S U 3 R 0 U T I N E  MWREL ( AMXt  AMY , A M X Y , I R t  I C , MS , M N . KY , AMU ,
1 F I R t S I H t Y L D * AM 1 , AM2 * AMPX * ANU t O X t D Y t H X »HY)
DI MENSI ON AMXCMN),  AMY( MN) ,  AMXY( MN) ,  T ( 9 ) t X ( 9 ) t Y ( 9 ) t Z ( 9 ) t 
1 F I R ( M N ) ,  S I R ( M N ) .  YLD(HM) t AM1 ( MN) ♦ AM2 < MN)
DI MENSI ON I P ( I 0 , 7 ) i  I P E ( 1 2 , 9 ) ,  3 1 ( 7 0 , 1 0 8 ) ,  OX( 7 0 ) ,  D Y ( 7 0 )  
DI MENSI ON B ( 7 0 , 5 4 )  , C ( 7 0 , 5 4 ) ,  0 ( 7 0 , 5 4 )
COMMON / C l / I P , I P E  / C 5 / B  / C 6 / C  / C l / O  / C 1 0 / B I  
COMMON / C 2 0 / 1 R 1  , I C 1 , I R E , I C E ,  I RE 1 , I C E 1  , M N E ,  I S Q R E C  
P R I N T  4 0 0 ,  K Y ,  A M X ( K Y ) ,  A M Y ( K Y ) ,  A M X Y ( K Y )
4 0 0  FORMAT ( X / 1 0 X ,  1 3 ,  3 F 1 6 . 8 )
TH = F I R ( K Y )  + S I R ( K Y )
A M P X 1 = AMPX
AMPY = AMU *  AMPX
I F  ( A M X Y ( K Y )  . E Q .  0 . 0 )  GO TO 2 0 0  
P M D I F  = A 3 S ( AM 1 ( K Y ) ) -  A B S ( A M 2 ( KY > )
I F  ( P M D I F  . G T .  0 . 0 0 5 )  GO TO 6 0 0  
DO 6 0 1  J  = 1 , MS 
B ( K Y , J ) = 0 . 0  
C ( K Y , J ) = 0 . 0  
D ( KY, J ) = 0 . 0  
6 0 1  C O N T I N U E  
GO TO 3 0 0  
6 0 0  S 2  = ( ( S I N C T H ) ) * # 2 )
C2  = ( ( C O S ( T H ) ) * * 2 )
SC = ( S I N ( T H ) )  *  ( C O S ( T H ) )
3 2  T = S I N ( 2  • 0-Jf-TH )
r ( i > = —S 2 T / ( 4 . 0 * H X * H Y )
T ( 2  ) = + C 2 / ( H Y * * 2 )
T ( 3 ) = + S 2 T / ( 4 . 0 * H X * H Y )
T ( 4  ) = + S 2 X ( H X * # 2 )
T ( 5  > = - < ( 2 . * S 2 / H X * * 2 ) + ( 2 . * C 2 / H Y * * 2 )
T ( 6  ) = + S 2 / ( H X * * 2 )
T ( 7 ) = + S 2 T / ( 4 . 0 * H X * H Y )
T ( 8 ) = + C 2 / ( H Y * * 2 >
T ( 9 ) = —S 2 T / ( 4 . 0 * H X * H Y )
DO 6 0 2 1 = 1 , 9
X ( I ) = —T ( I ) *  S 2  *  ( 1 . 0 - A N U * * 2 )
Y ( I ) = —T ( I ) *• C2  *  ( 1 . 0 - A N U * * 2 )
Z ( I ) = —T ( I ) *  SC *  < 1 . 0 - A N U * * 2 )
6 0 2  C O N T I N U E
DO 6 0 5  M = 2 , I R E 1 
DO 6 0 5  N = 2 , I C E 1
I F  ( I P E ( M , N ) . E Q .  K Y )  GO TO 6  10
6 0 5  C O N T I N U E  
6 1 0  Ml  = M 
N 1 = N
DO 7 0 0  J = 1 » M N E
3 1  ( K Y , J ) = 0 . 0
7 0 0  C O N T I N U E
3 1  ( K Y , I P E ( M 1 , N 1 > ) = X ( 5  )
3 1  ( K Y , I P E ( M 1 , N 1 - 1 ) ) = X ( 4 )
31  ( K Y , I P E ( M 1 , N 1 +  1 ) ) = X ( 6  )
3  I ( K Y , I P E ( M 1 - 1 , N 1 — 1 > ) = X (  1 )
B I  ( K Y , t P E ( M 1 - 1 , N 1 ) ) = X ( 2 )
3 1  ( K Y , I P E ( M 1 - 1 , N 1  +1 ) ) = X ( 3  )
3 1  ( K Y , I P E ( M 1 +  1 , N 1 — 1 ) ) = X ( 7  )
B I ( K Y , I P E ( M 1 + 1 , N 1 ) ) = X ( 8  )
31  ( K Y , I P E ( M 1 +  1 , N 1 +  1 ) ) = X < 9  )
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DO 7 0 1  N = 1 , I C E
01 ( K Y , I P E ( 3 i N )  ) = 6  I ( K Y .  I P E ( 3  * N ) ) —0  I ( K Y , I P E ( l , N ) )
B I  ( K Y .  I PEC I R E - 2 . N )  ) = B I  ( KY « I P E ( I R E ~ 2 . N l  ) + 3  I ( K Y .  I P E ( I RE « N ) )
7 0 1 C O N T I N U E
DO 7 0 2  M = 2 .  I RE I
B I  ( K Y .  I P E ( M ♦ 3 )  ) = S I  ( K Y .  I P E ( M . 3 )  )—ST C K Y . I P E ( M . I ) )
B I  ( K Y .  I P E C M .  I C E —2 )  ) =B l ( KY , I P E ( M . I C E - 2 )  ) + 3  I ( K Y ,  I P E C M ,  I C E )  )
7 0 2  C O N T I N U E
DO 7 0 5  M = 2 , I R 1
M P 1 = M + l
DO 7  0 5  N=.MP 1 , I  C
3  1 ( K Y . I P ( M . N ) ) = B I ( K Y . I P ( M . N ) ) +  B I ( K Y , I P ( N , M ) )
7 0 5  C O N T I N U E  
DO 7 0 6  J  =1 , MS 
3 ( KY, J ) = B I ( KY, J )
7 0 6  C O N T I N U E  
DO 7 1 0  U = 1 , M N E  
B I ( K Y . J )  = 0 . 0
7 1 0  C O N T I N U E  
B I  ( K Y . I  P E ( M 1 i N l
B I  ( K Y , I P E ( M 1  , N 1 —1
3  1 ( K Y ,  I P E ( M l  , N 1 +  1
B I  ( K Y , I  P E ( M l - 1 , N 1 - 1  
31 ( K Y ,  I P E ( M 1 - 1 , N1  
B I  ( K Y , I P E ( M 1 - 1 , N 1 +  1 
B I ( K Y . I P E ( M 1 + 1 , N 1 - 1  
B I ( K Y , I P E ( M 1 + 1 , N 1  
B I ( K Y , I P E ( M 1 + 1 , N 1 + 1  
DO 7  11 N = 1 , I C E  
B I  ( K Y .  I P E ( 3 , N )  ) =B1 ( K Y , I P E ( 3 , N ) ) - B I  ( K Y , I P E ( 1  , N )  )
B I  ( K Y . I P E (  1 R E - 2 , N )  ) = B I  ( K Y , I P E (  I R E - 2 . N ) ) + B I  ( K Y , I P E ( I R E , N ) )
7 1 1  C O N T I N U E
DO 7 1 2  M = 2 ,  I R E  1
B I  ( K Y ♦ I P E ( M » 3 ) ) = 3 1 ( KY « I P E ( M , 3 ) ) —3  I ( K Y , I P E ( M » 1 )  )
B I  ( K Y , I P E ( M ,  I C E - 2 )  ) =B I ( K Y , I P E ( M , I C E - 2 ) ) + B I  ( K Y ,  I P E ( M ,  I C E )  )
7 1 2  C O N T I N U E
DO 7 1 5  M = 2 , I R 1 
M P 1 = M + l
DO 7 1 5  N = M P 1 ♦ I C
B I ( K Y , I P ( M . N ) ) = B I ( K Y , I P ( M . N ) ) +  B I ( K Y , I P ( N , M ) )
7 1 5  C O N T I N U E  
DO 7 16  J = 1 , M S  
C ( K Y , J ) = B I ( K Y , J )
7 1 6  C O N T I N U E  
DO 7 2 0  J = 1 , M N E  
B I ( K Y , J )  = 0 . 0
7 2 0  C O N T I N U E  
B I  ( K Y , I P E ( M 1 , N 1 )
31  ( K Y ,  I P E ( M l  , N l - 1  )
B I  ( K Y ,  I P E ( M l  , N 1+1 )
B I  ( K Y , I P E ( M 1 - 1 , N 1 - 1  )
B I ( K Y , I P E ( M 1 - 1 , N 1  )
B I  ( K Y , I  P E ( M 1 — 1 , N 1+1 )
B I ( K Y , I P E ( M 1 + 1 , N 1 - 1 )
B I ( K Y , 1 P E ( M 1 + 1 , N 1  )
B I  ( K Y ,  1 P E ( M l +  1 , N 1  + 1 >
DO 7 2 1  N = 1 , I C E  
B I ( K Y ,  I P E ( 3 , N ) ) = B I  ( K Y .  I P E C 3 . N )  ) - 0  I ( K Y , I P E ( 1  , N )  )
B I  ( K Y , I P E (  I R E - 2 . N )  ) = B I  ( K Y , I P E (  I R E “ 2 , N ) ) + B I  ( K Y , I P E ( I R E , N ) )
7 2 1  C O N T I N U E
DO 7 2 2  M = 2 , I R E 1
= Z ( 5  ) 
= Z ( 4  ) 
= Z (6. )  
= Z (  1 ) 
= Z ( 2  ) 
= Z ( 3  ) 
= Z < 7  ) 
= Z ( 8  )
) = Y ( 5 )
) = Y ( 4 )
) = Y (6 )
) = Y ( . l  )
) = Y ( 2 )
) = Y ( 3  )
> = Y ( 7 )
) = Y ( S )
) = Y ( 9 )
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B I ( KY . I PE C M , 3 )  ) =B I ( KY . I PE ( H 1 3  ) ) -L31 ( KY ♦ I PE ( M « 1 ) )
B I  ( K Y ,  I PE CM, 1 C E —2  ) ) =B I ( K Y , I P E ( M , I C E - 2 )  ) + u I ( K Y i  I P t S ( M ,  I CE ) ) 
7 2 2  C O N T I N U E
DO 7 2 5  M = 2 , I R 1 
MPI  = M + l  
DO 7 2 5  N = M P 1 t  I C
B I ( K Y t l P t M i N )  ) = t3 I ( K Y i  I P ( M » N ) ) +  3  I ( KY , I P ( N , M ) )
7 2 5  C O N T I N U E
DO 7 2 6  J = 1 i M S  
D C KY « J ) = B I ( K Y i J )
7 2 6  C O N T I N U E  
GO TO 3 0 0
2 0 0  I F  ( A M X C K Y )  . G E .  AMPX)  GO TO 2 1 0  
2 5 0  I F ( A M Y C K Y )  -  AMPY)  3 0 0 ,  3 0 2 ,  3 0 2  
3 0 2  DO 10  J = 1 , M S  
C C K Y , J ) = 0 . 0  
10  C O N T I N U E
I F  ( A M X C K Y )  . G E .  AMP X)  GO TO 3 0 0  
P 3 = + 2 . 0 * ( 1 . 0 - A N U * * 2 ) / ( H X * * 2 )
Q S = —1 . 0 * (  1 . 0 - A N U - H " * 2 ) / C H X * * 2 )
S 3  = 0 . 0
CALL  BCMAT ( P S . Q 3 . S B , I R , I C . M S . M N )
DO 2 0  J = 1 , MS 
B ( KY , J ) = B I ( K Y . J )
2 0  C O N T I N U E  
GO TO 3 0 0  
2 1 0  P C = + 2 . 0 * ( 1 » 0 - A N U * * 2 ) / ( H Y * * 2 )
QC = 0 . 0
S C = - 1 . 0 * ( 1 . 0 - A N U * * 2 ) / ( H Y * * 2 )
DO 3 0  J = 1 . M S  
B ( K Y . J )  = 0 . 0  
3 0  C O N T I N U E
CALL BCMAT ( P C . Q C . S C , I R . I C . M S . M N )
DO 4 0  J = 1 . MS  
C ( K Y . J )  = a  I ( K Y . J )
4 0 C O N T I N U E  
GO TO 2 5 0  
3 0 0  C O N T I N U E
AMPX = A M P X 1
RETURN
END
C S U B R O U T I N E  PROGRAM TO COMPUTE P R I N C I P A L  MOMENTS A n d  T H E I R
C I N C L I N A T I O N S  AT A L L  G R I D  P O I N T S
S U B R O U T I N E  M 1 M 2 F I  ( X M X , X M Y . X M X Y . X M 1 . X M 2 . F I R . M N )
D I M E N S I O N  X M X ( M N ) .  X M Y ( M N ) ,  X M X Y ( M N )
D I M E N S I O N  X M l ( M N ) .  X M 2 ( M N ) ,  F I R ( M N )
P I = 3 . 1 4 1 5 9 2 6 5  
DO 8 0  I = 1 . MN
I F  ( X M X ( I ) . E Q .  0 . 0 )  GO TO 51  
5 0  AAA = X M X ( I )  + X M Y ( I )
ABB = ( ( X M X ( I ) -  X M Y C 1 ) ) * * 2 )  +  ( 4 . 0 * ( X M X Y ( I ) * * 2 > )
X M 1 ( 1 )  = 0 . 5  *  ( AAA +  S O R T ( A B B ) )
X M 2 ( I )  = 0 . 5  *  ( AAA -  S O R T ( A B B ) )
AN UMF I  = 2 . 0  *  X M X Y ( I )
I F  ( A N U M F I  . E Q .  0 . 0 )  GO TO 9 7  
D E N O F I  = X M Y ( I ) -  X M X ( I )
I F  ( D E N O F I  . E Q .  0 . 0 )  GO TO 9 5  
T T F I  = ANUMFI  /  D E N O F I  
F I R ( I )  = 0 . 5  *  AT A N ( T T F  I )
I F  ( F I R C I )  . G T .  0 . 0 )  F I R ( I ) = F I R ( I ) —P 1 / 2 . 0  
GO TO 9 6
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o 
n
9 5 T T F I  = 9 9 9 9 . 0
F I R ( I ) = - P 1/4.0
GO TO 9 6
9 7 I F  ( X M X ( I ) . G E .  X M Y ( I ) ) F I R ( I ) = 0  .  0
I F  ( X M X ( I ) . L T .  X M Y ( I ) ) F I R ( I ) = P I / 2 . 0
GO TO 9 0
51 I F  ( X M Y ( I ) . NE « O . O ) GO TO 5 0
I F  ( X M X Y ( I ) .  NE • U . 0 ) GO TO 5 0
X M 1 ( I ) = 0 . 0
X M 2 ( I ) = 0 . 0
T T F 1 = 0 . 0  .
F  I R ( I ) = 0 • 0
GO TO 9 6
9 0 T T F I  = 1 0 0 C . 0
9 6 C O N T I N U E
8 0 C O N T I N U E
RETURN
END
C S U B R O U T I N E  PROGRAM TO COMPUTE V A L U E S  OF S E T A  AND S I
S U B R O U T I N E  B E T A S  I ( XM 1 i XM2 1F I R 1 AMU » BET  A2 » MN )
D I M E N S I O N  X M l ( M N ) *  X M 2 ( M N ) i  F I R ( MN ) , BET A2 ( M N )
P I = 3 . 1 4 1 5 9 2 6 5  
DO 8 0  1 = 1 * MN
I F  C X M I C I )  . E Q .  0 . 0 0 )  GO TO 8 6  
OMEGA = X M 2 ( I ) /  X M 1 ( 1 )  
t F  ( OMEGA . E Q .  0 . 0 0 )  GO TO 8 5
P = ( ( S I N ( F I R < I ) ) > * * 2 )  +  < A M U * ( ( C O S ( F I R < I ) ) > * * 2 ) )
Q = ( ( Q O S ( F I R ( I ) ) ) * * 2 )  +  < A M U * ( ( S I N ( F I R ( I ) > > * * 2 ) )
AE = OMEGA 
BE = - ( P + ( O M E G A * Q ) )
CE = AMU
ARGU = ( 3 E * * 2 )  -  ( 4 . 0 * A E * C E )
I F  ( ARGU . L T .  0 . 0 )  A R G U = 0 . 0 0  
3 E T A 2 ( I ) = ( - B E - ( S O R T ( A R G U ) ) )  /  ( 2 . 0 * A E )
ANUM = ( 1 . 0 - AMU)  *  ( S I N ( 2 . 0 * F I R ( I ) ) )
DENO = ( 8 E T A 2 (  I ) * ( 1 . - O M E G A )  ) —( ( I . 0 - A M U ) * ( C O S ( 2 . 0 # F I R ( I ) ) ) )
I F  ( DE NO . E Q .  0 . 0 0 )  GO TO 9 0  
T T S I  = ANUM /  DENO 
S I R  = 0 . 5  *  ( AT A N ( T T S I  ) )
S I D  = S I R  *  1 8 0 . 0  /  P I
GO TO 91
9 0  T T S I  = 9 9 9 9 . 0  
S I D  = 4 5 . 0  
GO TO 9  1
8 5  P = ( ( S I N ( F I R ( I > ) ) * * 2 )  +  < A M U * ( ( C O S ( F I R ( I ) ) ) * * 2 ) )
B E T A 2 ( I ) = AMU /  P
ANUMZ = ( 1 . 0  -  AMU)  *  ( S 1N { 2 . 0 * F 1 R ( I ) ) )
D E N 0 Z = 3 E T A 2 ( I ) — ( ( 1 . 0 - A M U )  *  ( C O S < 2 . 0 * F 1R ( I ) ) ) >
T T S I  = ANUMZ /  DENOZ  
S I R  = 0 . 5  *  ( AT A N ( T T S I  ) )
S I D  = S I R  *  1 8 0 . 0  / P I
91  GO TO 8 0
8 6  B E T A 2 ( I ) = 5 0 0 0 . 0  
8 0  C O N T I N U E
RE T URN  
END
S U B R O U T I N E  PROGRAM TO COMPUTE LOAD I N C R E M E N T  TO BE A P P L I E D  
FOR THE NEXT  H I G H L Y  S T R E S S E D  P O I N T  TO Y I E L D .
SUBROUT I N E  ORTHOS ( A M X , AMY » AMXY » BMX » B M Y i Q M X Y i A L O A D . AMU * S F I N .  
1 M N . K « K K )
D I M E N S I O N  A M X ( M N ) .  A M Y ( M N ) .  AMXY(Mi M)
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D I MENS I ON t'IMX ( MN ) . ,  BM Y ( MN ) , JMXY C MN )
D I M E N S I O N  K ( !<iN ) , KK ( MN )
D I M E N S I O N  SMX ( 7 0  ) , S M Y ( 7 u )  . S M X Y ( 7 0 )  , SMI  ( 7 0 )  , S M 2 ( 7 0  ) . S F I R ( 7 0 )  , 
1 S D I F C 7 C )
P I  = 3 . 1 4 1 5 9 2 6 5  
S I  = 1 . 0 0 0  
S = S I  
5 0  SLOAD = . ALOAD + S 
DO 1 0  I = I . MN
S M X(I) = A M X <I ) + B M X ( I ) * S  
SMY Cl) = , AMY(  I )+ B M Y <I )* S  
S M X Y ( I ) = A M X Y ( I ) + B M X Y ( I ) * S  
1 0  C O N T I N U E
DO 2 0  1 = 1 , MN
I F  C S M X ( I )  . E Q .  0 . 0 )  GO TO 2 1
2 5  SAA = S M X ( I ) +  S M Y ( I )
SB3  = ( ( S M X ( 1 ) —S M Y ( I ) ) * * 2 )  + ( 4 . 0 * ( S M X Y ( i ) * * 2 ) )
S M I ( I ) = 0 . 5 * ( S A A  +  S O R T ( S B 3 ) )
S M 2 C I )  = 0 . 5 * ( S A A  -  S O R T ( S U B ) )
SANUMF = 2 • 0 * S M X Y ( I )
I F  ( SANUMF  . E Q .  0 . 0 )  GO TO 2 4  
SDENOF = S M Y ( I ) - S M X ( I )
I F  ( S D E N O F  . E Q .  0 . 0 )  GO TO. 2 6  
S T T F I  = SANUMF /  S D E NO F  
S F I R ( I )  = 0 . 5 * A T A N ( S T T F  I )
I F  ( S F I R ( I )  . G T .  0 . 0 )  S F 1 R ( I ) = S F I R ( I ) - P 1 X 2 . 0  
GO TO 2 0
2 4  I F  ( S M X ( I >  . G E .  S M Y ( l ) )  S F I R ( I ) = 0 . 0
I F  ( S M X ( I )  . L T .  S M Y ( I ) )  S F I R ( I ) = P 1X 2 . 0
GO TO 2 0
2 6  S F I R t I )  = - P I / 4 . 0  
GO TO 2 0
2 1  I F  ( S M Y ( I ) . N E .  0 . 0 )  GO TO 2 5
I F  ( S M X Y ( I ) . N E .  0 . 0 )  GO TO 2 5
S M 1 ( I ) = 0 . 0
S M 2 ( I ) = 0 . 0  
S F I R ( I ) = 0 . 0
2 0  C O N T I N U E
DO 3 0  1 = 1 . MN
I F  ( S M 1 ( 1 )  . E Q .  0 . 0 )  GO TO 31
SOMEGA = S M 2 ( I ) /  S M I ( I >
I F  ( SOMEGA . E Q .  0 . 0 )  GO TO 3 2
SP = ( ( S I N ( S F I R ( I ) ) ) * * 2  ) +  ( A M U * ( ( C O S ( S F I R <  I ) ) ) * * 2 )  )
SQ = ( ( C O S ( S F I R ( I ) ) ) * * 2 )  +  ( A M U * ( ( S I N ( S F I R ( I ) ) ) * * 2 ) )
SAE = SOMEGA
SBE = - ( S P  +  ( S O M E G A * S Q ) )
SCE = AMU
SARGU = ( S B E * * 2 ) -  < 4 . 0 * S A E * S C E )
I F  ( S A R G U  . L T .  0 . 0 )  S A R G U = 0 . 0
SBE TA = C - S B E - ( S O R T ( S A R G U ) ) )  /  ( 2 . 0 * S A E )
GO TO 3 5
3 2  SP = ( ( S I N ( S F I R ( I ) ) ) * * 2 )  +  ( A M U * ( ( C O S ( S F I R ( I ) ) ) * * 2 ) )
SBE TA = AMU /  SP  
3 5  DO 51  J = 1 . MN
I F  ( I . E Q .  K ( J ) )  GO TO 5 5  
I F  ( I  . E Q .  K K ( J ) )  GO TO 5 5  
5 1  C O N T I N U E
S D I F ( I )  = S B E T A  -  S M I  ( I  )
GO TO 3 0
5 5  I F  ( B M X ( I )  . E Q .  0 . 0 )  GO TO 5 8  
S D I F ( I ) = 1 . 0 0  -  S M X ( I )
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GO TO 3 0  
5 3  I F  C SMY C l ) )  7 2 1 7 0 ,  7 2  
7 0  S D I F ( I )  = 5 0 0 . 0 0  
GO TO 3 0  
7 2  SO IFC I )  = AMU -  S M Y ( I )
GO TO 3 0  
31 SD IFC I )  = 1 0 0 . 0 0  
3 0  C O N T I N U E
S D I F M  = S D I F ( ] )
DO 4 0  1 = 2 , MN
I F  ( S D I F ( I )  . G E .  S D I F M ) GO TO 4 0  
S D I F M  = S D I F { I )
4 0  C O N T I N U E
I F  C S D I F M )  4 1 ,  4 2 ,  4 3
41  S =  S -  S I
I F  CS1 . L T .  0 . 0 0 5 )  GO TO 8 2
I F  CS1 . L T .  0 . 0 5 0 )  GO TO 81
I F  ( S I  . L T .  0 . 5 0 0 )  GO TO 8 0
SI  = 0 . 1 0 0  
GO TO 4 3
8 0  S I  = 0 . 0 1 0 0  
GO TO 4 3
81  S I  = 0 . 0 0 1  
GO TO 4 3
8 2  S F I N  = S 
GO TO 6 0
4 2  S F I N  = S 
GO TO GO
4 3  S =  S +  S I  
GO TO 5 0
6 0  P R I N T  9 9 ,  S F I N




/ / ' G O . F T O S F O O  1 DD S Y S O U T = A  , SP A C E =  ) T R K , ) 1 , 1 0 0 * *  
/ V G O . S Y S I N  DD *
4 3 9 0 . 0  0 . 1 8 7 5  2 . 0 0 0 0  . 0 . 1 2 5 0  1 . 5 0 0 0
6 4  6 5  6 6  6 7  6 8  6 9  7 0
6 3  1 2  3  4 5  6
6 2  7 8  9  10  1 1 12
6 1  13 14 15  16  17  18
6 0  19 2 0  21 2 2  2 3  2 4
5 9  2 5  2 6  2 7  2 8  2 9  3 0
5 8  31 3 2  3 3  3 4  3 5  3 6
5 7  3 7  3 8  3 9  4 0  41  4 2
5 6  4 3  4 4  4 5  4 6  4 7  4 8
5 5  4 9  5 0  51 5 2  5 3  5 4
/ /
0 0 . 0 0
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E L A S T I C - 0 !. ASTTC SOLUTION DF R C SLAP
Vv-------
SQUARE OR RECT* S S EDGES,  U D L
ANU AMU AMRL DXA





oo 6 1 I 9 2 5 E 0 4  Oo 144-6 9 7 E OS .
MESH POI NT NUMBERS
64  65 66 67 6 8  69 7 0
63  1 2 3 4 5 6
62  7 3 9 10 11 12
61 13 14 15 16  17 1 8
6 0  l o 20 27 22 23 2 4
59 25 26 27 28 29 3 0
5 8  31 32 33 3 4  35 3 6
37  37 aR 39 40  41 4 2  _
56  43 44 45 46  4 7 4 8
55 49 50 51 52 53 5 4
n o . K KK LOAD DEL TA
1 54 1 2 o 60 0 . 1 5 8 5
2 4 8  . l ? o  76  . ....  0 . 1 6 3 3 ....................................................................
3 4 2 1 3 o 18 0 . 1 7 7 1
4 4 7 1 3 . 87 0 .  2 04 4
5 3 6 1 3 .  88 0 .  2 C-4 9
6 41 1 4 .  19 0 . 2 1 9 7
7 35 1 4 0 78 0 . 2  4 9 7
R 30 1 5 .  09 . 0 . 2 6 6 1  ......................................................................
Q 2 9 1 5 o 77 0 .  3 0 5 3
10 1 1 5 o 78 0 . 3  05 9
11 7 1 5 .  80 0 . 3  072
12 53 1 5 o 83 0 . 3 0 9 2
13 64 1 6 o 02 0 . 3 2 1 0
14 2 1 6 o C5 0 . 3  23 4  . .
15 8 1 6 . 1 6 0 . 3 3 0 7
16 63 1 6 .  18 0 . 3 3 2 6
3 7 65 1 6 .  24 0 . 3 3 8 3
18 1 3 1 6 o 27 0 . 3 4 1  4
19 2 8 1 6 o 29 0 . 3 4 4 3
20 34 1 6 o 40 0 . 3 5 8 7  ...........................................
21 22 1 6 . 5 4 0 . 3 7 6 1
22 54 1 6 o 61 0 . 3 3 8 7
V___________ 23_________2_1_________________ 1 6 .  69_________0 . 4 1  0 0
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-20.. . 1 6 . 0 . 8 1  
1 6 o  8 7  
J . 6 o  8  8
V__________________ :__________________________________ _ _______________________________________________
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VITA
S a t i s h  Chand J a i n  was b o rn  on Ju n e  20 , 1938 a t  B a g p a t ,  U . P . , I n d i a .  
He r e c e i v e d  e le m e n ta ry  e d u c a t io n  i n  h i s  home town and  s e c o n d a ry  and  
i n t e r m e d i a t e  e d u c a t io n  a t  D. J a i n  C o l l e g e ,  B a r a u t , U .P . I n  1961 he 
g r a d u a t e d  from t h e  U n i v e r s i t y  o f  R o o rk e e ,  R o o rk e e ,  U .P . w i th  a  B a c h e lo r  
o f  E n g i n e e r in g  ( C i v i l )  d e g re e  w i th  H onours . T h e r e a f t e r  he worked  f o r  
one y e a r  a s  l e c t u r e r  a t  D .J .  P o l y t e c h n ic  I n s t i t u t e ,  B a r a u t ,  U .P . I n  
1962 h e  j o in e d  t h e  U n i v e r s i t y  o f  R oorkee  f o r  g r a d u a t e  s t u d i e s  and  
o b t a i n e d  t h e  M a s te r  o f  E n g in e e r in g  d e g re e  i n  1964. I n  A u g u s t  1963 , h e  
was em ployed  a s  l e c t u r e r  i n  C i v i l  E n g i n e e r in g  D epa r tm en t  o f  th e  U n iv e r ­
s i t y  o f  R oorkee  w here he  was made R e a d e r  i n  F eb .  1967. L a t e r  i n  t h a t  
y e a r  h e  was s e l e c t e d  f o r  a  Commonwealth S c h o l a r s h i p  aw ard  t o  p u r s u e  
f u r t h e r  g r a d u a t e  s t u d i e s  a t  t h e  U n i v e r s i t y  o f  W indsor w hich he j o i n e d  
i n  S e p t .  1967.
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